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Introduction 



We are pleased to introduce this book to show the philosophy on which the academic content 
has been prepared. This philosophy aims at: 


1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating 
all the school mathematical curricula to each other. 

2 Providing learners with the data, concepts, and plans to solve problems. 

3 Consolidate the national criteria and the educational levels in Egypt through: 

A) Determining what the learner should learn and why, 

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol- 
lowing: learning Math remains an endless objective that the learners do their best to learn it all 
their lifetime. Learners should like to leam Math. Learners are to be able to work individually 
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should 
finally be able to communicate mathematically. 

4 Suggesting new methodologies for teaching through (teacher guide). 

5 Suggesting various activities that suit the content to help the learner choose the most proper activi- 
ties for him/her. 

6 Considering Math and the human contributions internationally and nationally and identifying the 
contributions of the achievements of Arab, Muslim and foreign scientists. 

In the light of what previously mentioned, the following details have been considered: 

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The 
book has been divided into related and integrated units. Each unit has an introduction illustrating 
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is 
divided into lessons where each lesson shows the objective of learning it through the title You will 
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration 
to introduce the content gradually from easy to hard. The lesson includes some activities, which 
relate Math to other school subjects and the practical life. These activities suit the students' dif- 
ferent abilities, consider the individual differences throughout Discover the error to correct some 
common mistakes of the students, confirm the principle of working together and integrate with 
the topic. Furthermore, this book contains some issues related to the surrounding environment 

and how to deal with. 

* Each lesson contains examples starting gradually from easy to hard and containing various levels 
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises 
that contain various problems related to the concepts and skills that the students learned through 

the lesson. 

* Each unit ends in Unit summary containing the concepts and the instructions mentioned and 
General exams containing various problems related to the concepts and skills, which the student 

learned through the unit. 

* Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the 
learning outcome of the unit. 

* The book ends in General exams including some concepts and skills, which the student learned 
throughout the term. 

Last but not least. We wish we had done our best to accomplish this work for the 

benefits of our dear youngsters and our dearest Egypt. 
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Unit introduction 


The swiss scientist Leonard Euler ( 1707 - 1783) is considered one of the most prominent of the eighteenth 
century in mathematics and physics. He had been credited with using the symbol y - fix) to express the 
function. He had considered that the function is a correlation between the elements of two sets w ith a 
relation that allows to calculate a variable value of dependent variable Y for another independent X 
which we choose freely. In such a way, he identified the function but not the curve. This contributed in 
converting the geometry into arithmetic relations. He had converted all the trigonometric ratios which 
ancient Egyptians, Babylonians and Arabs had excelled into trigonometric functions. I^eonard Euler 
had inserted the constant number e ~ 2.71828 (Euler’s number) as the base of the natural logarithm. 
Furthermore, he discovered the mathematical relation e UT +1=0 relating among the most important five 
constants in Mathematics. He had also related among the trigonometric functions, exponential functions 
and the composite numbers. In this unit, you are going to learn different forms of the real functions, 
their behaviour and their graphical representation using the geometrical transformations and graphical 
programs and to use the real functions in solving life and mathematical problems in different fields. 


Unit 
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Functions on a rearvariable 
£^rf|a n d farawi ngrc u ryes 



Unit objectives 

By the end of this unit, the student should be able to: 


'i* Identify the concept of the real 
function. 

Determine the domain, co-domain 
and range of the real functions. 
Identify a simplified idea about the 
operations on the real functions 
(compositions of functions). 

+ Identify some properties of the 
real functions. 

* Identify the even and odd functions 
and differentiate between them. 

* Identify the one-to-one function. 

* Deduce the monotony of the real 
functions! increasing, decreasing 
and constant functions). 

Identify polynomial functions. 

* Graph the curves of (quadratic 
function • modulus functions • 


cubic function - rational function) 
and deduce the properties of each. 
Deduce the effect of the following 
transformations: fix ± a) ± b and 
a fix ± b) ± c on the previous 
functions. 

* Apply the previous transformation 
on graphing the curves of the real 
functions. 

+ Solve equations in the form of : 
Ulx + bl = c, la.t + W * \d x + cl , 
lat + M = c .t ♦ d 

+ Solve inequalities in the form of: 
lax ♦ bl < c and tax ♦ bl < c, 
lat + N > c and la* + bl > c 

Use the real functions to solve 
math and life problems in different 


fields. 

+ Relate what they learned about 
the effect of the previous 
transformations on the trigonometric 
functions in the form of activities. 

Investigate the graphical 
representation of the real functions 
which have been previously 
learned and the effect of the 
previous transformation using the 
“Geogebra" program. 

Use the graphical calculator to 
represent some functions that 
are hard to be represented by the 
common methods, then learn the 
properties of these functions. 


2 


Pure mathematics - Second form secondary - Scientific 




Key terms 


Real Function 
Domain 
Co-domain 
Range 

Vertical Line 

Piecewise- De/ind Function 
Composite Function 
Even Function 


Odd Function 
Onc-to-Onc Function 
Monotony of a Function 
Increasing Function 
Decreasing Function 
Constant Function 
polynomial Function 
Absolute Value Function 






£ 
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Rational Function 

Asymptote 

Trans/brmation 

Translation 

Reflection 

Stretching 

Graphical Solution 



Lessons of the unit 


lesson ( I - 1 ): The real functions. 

Lesson (1-2): Some properties of functions. 

Lesson (1 - 3): Monotony of function 

Lesson ( I - 4): Graphical representation of 

functions and geometrical 
transformations. 

Lesson (I - 5): Solving Absolute Value 

Equations and Inequalities. 


Materials 

Materials Scientific calculator. 
Computer (Graph. GeoGebra) 




Chart of the unit 


Real functions and tracing graphs 


The domain of function 
The range of function | 
Operations on functions - 
Composition of functions 



Real functions 


Symmetry of function 
The one - to one function 


Properties of 
functions 






Monotony of 




function 




Graphical representation of function 
by geometrical transformations 


Solution of equations 


Solution of 



Life 

applications 
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Unit one 




We will learn 


► Concept of real function. 
¥ The vertical line test 
¥ The function of more 
than one rule. 


► Identify the domain and 
range of real function. 

► Operations on functions. 



Key - term 


► function 

► Domain 

► Co-domain 

► Range 

► Arrow Diagram 

► Cartesian Diagram 


¥ Vertical Line 


¥ Piecewise function 



Matrials 


► Computer program for 
graph 

► Scientific calculator. 


RcmcmlM'r 


If: X . Y 

lh€n/= {(».)): x € X . 

y€ Y 



Explore 

As you have studied , the function is a relation between two non - empty 
sets X and Y such that each element in the set X has one and only one image 

in the set Y. The function is denoted by one of the symbols /, g , h 

If / is a function from the set X to the set Y then we write : 

/ : x ► y (read as /is a function from X to Y ). 

Notice that: 

I 

1- For each element x € X there is a 
unique element y € Y by the rule 
of the function and it is written as : 

y =A*) 

2 - the set X is called the domain of the 
function and the set Y is called the 
co-domain of the function. 

3 - the set {y = /(*): xe X} is called the range of / and known as the set 

images of the elements of the function domain . 





Real Function 

A function /is called a real function if each of its domain and 
co-domain is the set of real numbers 1& or subset of it . 


Example 

X Y 

f) The relation represented by the opposite arrow 
diagram represents a function where the domain 
of the function is the set X = { I, 2. 3, 4} the co- 
domain of the function is the set Y= {5. 6. 7, 8, 9} 
but the set of elements {6. 8. 9} is called the range 
of the function: 

The previous relation can be represented by 
the Cartesian diagram as shown in the following graph where the 
function /= {(1. 6). (2. 8). (3. 9). (4. 6)}. 
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Real Functions 


"" "" £LLl* 

Notice that: fmm the previous example: 

1 - The graph of the function is a set of separated points. 

2- The vertical line passing through each element of the domain cuts 
its graph at only one point. 


1-1 



Try to solve 

CO In the opposite figure, all the squares are congruent if x is the number 
of rows in this pattern and y is the area of the figure measured by 
square units. 

(a I What is the value of y when x = 5 ? 

What is the value y when x = 9 ? 

b Write the mathematical relation between the number of rows of 
the figure and its area in the pattern, 
c Is this relation a function from X to Y ? Explain. 



Loarn 


The vertical line test 

If the vertical line at each element of the domain 
passes through only one point of the points 
representing the relation, then the relation is a 
function from X ► Y 
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Function 


Not function 


^ Example identify the Relations Representing a Function 

( 2 In each of the following graphs, show whether y represents a function 
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Fig (D 


Fig (2) 


Fig (3) Fig (4) 


Solution 


Fig (1) represents a function. 

Fig (2) doesn't represent a function because the vertical line passing through the point (1, 0) 
intersects the curve at infinite number of points. 

Fig (3) represents a function. 

Fig (4) doesn't represent a function because there is a vertical line intersects the curve at more 
than a point. 
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I 



Try to solve 




2 Show which of the following relations represent a function from X 


Y and give reason. 



Fig (1) Fig (2) Fig (3) 


Fig (4) 



example identifying the domain and the range 


3) (a I If/:|I,5| ► R where/(jr) = x + 1 

Graph the function / and deduce the range of this 
function from the graph. 

( b I If g: 1 1 , 5| — ♦ R where g(x) = x + I 

Graph the function g and deduce the range of this 
function from the graph. 



o Solution 

a The function /is linear and its domain is |l, 5|. It is 
graphically represented by a line segment whose two 
ends are ( I ,/(!)) , (5,/(5)). i.e. the two points (I, 2) and (5, 6). 
The range of function / = (2, 6| 

Which is the y-coordinates for all points in the domain of /. 


b The function g is linear and its domain is 1 1 . 5|. It is clear 
that g(.t) =J{x) for all x e 1 1 , 5| then g is represented by a 
line segment: one of its ends is f>oint (1,2) and the other 
end (S, 6) is ignored by marking it with an open circle. 
The range of the function g = |2. 6| 

Q Try to solvo 

C3) ( 0 If/: 1 1 , » | ► R , where fix) =1 - jc 

represent / graphically and deduce the range of the 
function from the graph. 
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bj Ifg: )- x, - 1 1 R , where g(x) = I -x 

represent g graphically and deduce the range of the function from the graph. 
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S^_ 

Piecewise-Defined Functions 



Co-op«rativ« learn 


To decrease the consumption of electricity, water and gas. 
the monthly consumption is calculated with respect to 
special categories relating the consumption amount to its 
value. 

The table opposite illustrates the prices of the monthly 
consumption categories for the natural gas at homes in 
piasters. Calculate the value of a home consumption of the natural gas in piasters with a classmate for 
the following quantities: 

1-30 cubic meters monthly. 2 - 60 cubic meters monthly. 


Monthly consumption 
in (in 3 ) 

Price per 
piasters 

till 25 

40 

More than 25 till 50 

100 

More than 50 

150 


|Ta\cs and service are added after the monthly consumption is calculated! 


We can express the previous table by the function /to calculate the monthly consumption of gas 
jr in cubic meter where * € as: 



40* 

100*- 1500 
150* -4000 


when 0 ^ * ^ 25 
when 25 < * ^ 50 

when *>50 


It is a mil piecewise defined function (defined by more than one rule) 



The piecewise - defined function is a real function in which each subset of its domain has a different 
definition rule. 


Q Try to »olvo 

4) Check your answer using the previous function in co-operative learn, then calculate the 
value of the monthly consumption of gas for these quantities : 

a ) 1 5 cubic metres b 40 cubic metres c 54 cubic metres 


Graphing the piecewise - defined function: 


Example 


® if jw = | 


3 - * when -2 < * < 2 

* when 2 < * < 5 


Graph of the function / and from the graph deduce the domain and range. 
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/ 


Solution 

The function /is defined over two intervals and/.r) is 
defined by two rules: 

The first rule: 

/,( jt) = 3 -jr when -2 < x < 2 (i.e. on interval |-2, 2|) 

It is a linear function represented by a line segment whose 
two ends are the points (-2,5) and (2,1) with open circle 
at point (2. I ) because 2 e |-2. 2| as shown in the opposite figure. 



The second rule: 

/ 2 (jr) = jc when 2 < x < 5 (i.e. on interval |2. 5| ) 

It is a linear function represented by a line segment whose two ends are points (2, 2) and 


(S, S). The domain of the function/ = |-2, 2| U |2, 5| = |-2. 5| 


A 


toiler 


:© 


Kmm the graph, we deduce: 

The domain of the function /= |-2. 5| 
The range of the function /= 1 1 , 5 1 


El Try to solvo 



r x - 1 

when 

-2 < x < 0 

vV 

II 



1 X + 1 

when 


Graph the function / and from the graph, deduce the domain and the 
range of the function. 

b For each of the following graphs, deduce the domain and the range 
of the function. 



In the graph 
representing the 
function, the domain 
of the function = |a . b| 

the range of the func- 
tion ■ [c , d) 
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Real Functions 


1 - 1 


Identifying the Domain of the Real Functions and Operations on them 

The domain of the function is determined from its graph or from its definition rule. 


^ Example identifying Domains of the function 

( 5 Determine the domain of each real functions defined by the following 
rules: 


ar + 3 


* /|U) = ^-9 
C fy(x) = vTT 


b f 2 (x) = /7~3 

«*/ 4 «=^= 


Remember ( 9 


The domain of 
polynomial function is 
the set of real numbers 
unless it Is defined on a 
subset of it. 


o Solution 

* The function /, is not defined when the denominator = 0, so we put .r 2 - 9 = 0 
i.e. x = ±3 then the domain of the function /, is IE - {-3. 3}. 

b The domain of the function / 2 is all the values of x 
which make the quantity under the square root is non • 
negative, i.e. the values of x which make x - 3 > 0. 

.\jr-3>0 ,\jr> 3 the domain of/j = |3, oo |. 


tign 


_ i 


c The domain of/,(x) = ifx~ 5 is ]R because the index of the root is an odd number. 

_____ 

** f. is defined when jt 2 - 4 > 0 ^.4 ♦ ■ ♦ 

( 00 ) 

then the domain oif A is |-ac. -2| U |2 , *| = ]R-|-2, 2| -2 2 

Notice: 

If/tr) = V g(x) e Z*. n > I and g (x) is polynomial 

First: If n is an odd number, then the domain of the function /is ]R . 

Second: If n is an even number, then the domain of the function /is the values of x which satisfy 
g(Jf) >0 

H Try to solve 

7 ) Determine the domain of each of the real functions defined by the following rules: - 

a /,<*> = z \ + - . b f 2 (*) = szns 

jr - 3x + 2 * 

« f i (x)=!nr$ d )/ 4 ( ^=7= 

Critical thinking: 

If the domain of the function /where fix) = = is ]R -{3}, find the value of k. 

x 2 - (ix + k 
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Learn 


Operations on Functions 
If /, and f 2 arc two functions whose domains are I), and I), respectively, then : 

1 ( f x ±f 2 ) (x) =/, (jt) ±/ 2 (x) , the domain of <f t ±f 2 ) is D,n D 2 


2 {f t f 2 ) (■*) =/i (•*)• / 2 (*) 


3 <4-)(x) = ^ ,/ 2 (x)#0 

h f 2 (x) 

where Z (/,) is the set of zeros of /, 


the domain of (/,. /,) is D,n D, 

the domain of (^i-) is (D,n D 2 ) - Z (f 2 ) 

h 


We notice that, for all previous cases, the domain of the new function equals the intersection of 
the two domains /, and /, except the values which make / 2 (x) = 0 in the division operation. 

Example 

6 If/(x) = x 2 - 4x , g (x) = Vx + 2 , z(x) = V4-x, 

first: Find the rule and the domain for each of the following functions: 

(«)(/■+£) ( b Ug-Z) 

(c)(f.z) ( d (j) 

second: Evaluate the numerical value (if possible) for each of the following : 

(®)(g-z)(l) (b)(f. z )(5) c ) (y) (3) 

O Solution 

first: The domain of/= D, = IE . the domain of g = D, = |-2, » | 
and the domain of z = D, = |-x , 4| 

(«)V+*)W=^) + gW 

= x 2 - 4x + Vx + 2 

The domain of the function (f + g) is 
R fl |-2,x | = |-2 ,oc | 


( b ) (j? - 2) (x) = g(x) -z{x) 

= J x + 2 - V4-x 

The domain of (g - z) (x) = (-2 ,x | H )- x, 4| = |-2, 4| 

( c (f-z)(x)=Jix).z(x) 

= (x 2 - 4x) /4-x 

The domain of if. z) =1D | -oc ,4| = | -« ,4| 
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1 - 1 


<1 ) ( L ) <jc) . ^£l = {*IZ 

f fix) r 2 - 4.x 

The set of zeros of the function/is {0. 4} 


Pi 4 


The domain of (— ) = | -» , 4| IT R - { 0, 4} = | -» , 4|- {0} 

d 

Second : Numerical values: 

a V ig - z) (*) = Sx + 2 - V4-jt for all x 6 |-2. 4| 

, 1 €|-2, 4| (g-zK 1) = /T - /T = 0 

b ) if . z) (x) = (.r 2 - 4.t) V4 - jt for all jc e | -» , 4| 

, 5« 1-®, 4) .\(/\ zX 5) not defined 


°1 n D 3 - Z(F)P 


c J v (4) (x) = 4*'* for all x e )-» , 4| - {0} 
/ jr - 4.r 



, 3€ |- », 4| - {0} 

Try to solve 

8 Iff and g are two real functions, where: 
fix) = x 2 • 4 , g(x) = Vx - 1 find: 


(— ) (3) = UZL = . I 

/ 9-12 3 


a ) The domain for each of the functions: if + g) ,if. g) , (£■) , (•£) 

g / 

b The numerical value for each (if possible): 

if + g ) (5) , if. g) (2) , (L) (3) , (1) (-2) 

g / 



Co-operative learn 


Composition of Functions 


A factory exports a part of its production. This parts is given by the relation J{x) = i x where x is 
the number of produced units in the first year, and the number of exported units in the next year 
is given by the relation gif) =/+ 1500 where x is the number of exported units in the first year 
search (with a classmate) how many units exploited in the second year if the production of the 
factory in the first year is: 

( a ) 20000 units (b I 80000 units 

Check your results using the following diagram: 
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If the range of the function / is a subset of the domain of the function g. then we can get a new 

f 

function z composed of the two previous functions z-go f 


it is read as g composed /or g after/ where the function /is applied first then the function g. 
thus z(.r) = (g oJ)(x) 

= g (/U» 

from the previous diagram, we find : 

[( 




a ) Z (20000 ) = g l/|20000)| ■ 

= *(5000) 

= 5000 + 1 500 = 6500 units 


b z (80000) = 


•>M»I — u m ir i MI 


A 


Nonce 


i 


O 


yi 20000) = j x 20000 

= 5000 


Think: Is the composition of functions a commutative operation? 

> to search for the answer, find if o g ) (jc) , (g o f) (x) Where/jr) = 4.V 2 , g(.t) = 2t 

Try to solve 



9 if A*) = jr 2 + 6 , g(x) = 3x 
First: find {fog ) (3) 


Second: Determine the values of x which make if o g) (jr) = 42 



Exercises (1 - 1) 



Choose the right answer: 

1 The relation shown by the arrow diagrams and represents a function is : 
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\ 

2 ) The relation shown in the following graphs and doesnot represent a function is: 
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(a) (b) (c) (d) 


^ 3 ) The relation shown by the set of the ordered pairs and doesnot represent a function is: 
a {( 1 , 3). (3. 5), (5. 7). (7. 9)} b {(2. 3). (3. 4), (2, 1 ). (3, 5)} 

c {(0.3), (1.3), (2, 3). (3. 3)} d {(-3, 5). (-1.5). (0.5), (2. 5)} 


( 4 ) In all the following relations y is a function of x except: 
a y = 3* + 1 b y = .*2 - 4 

(c jf = - 2 (? y = sinjf 


Answer the following: 

(s) Determine the domain of the function /where/*) = 


I x - I when 
-I when 


then graph the function and deduce its range from the graph. 


2 <*<4 
-2 < x < 2 



Graph the function / where : 

x + 3 

Ax) ; „ 


when x > 2 

, and from the graph, deduce its range 

when x< 2 * ^ 6 


® If At) = 


l 2* + 3 

l !-■» 


when -2 < x < 0 
when 0 < x < 4 


Graph the function /and deduce its range from the graph. 


I jc 2 + I when -3 < x < 0 
* + 2 when 0<x<3 

Graph the function / and deduce its range from the graph 
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/ 


( 9 ) If AO = 


-4jt + 3 

when x < 3 

-JC 3 

when 3 ^ x ^ 8 

3-r 2 + 1 

when x > 8 


Find: 

(• A 2 ) b ft 3) IAI/ 10 ) 

Mechanics; If the velocity v(t) of a motorcycle is given by 

' 8 t when 0 ^ t ^ 10 

v(t) = 1 80 when I0<t<200 

-4t + 880 when 200 < t < 220 
where t is time in second and v is in cm/sec. Find: 

(a)v(10) (b v(l50) c v(2IO) 


Trade; The function /.where: 


A0 = 


| x when 0 < x < 5000 

lx + 2500 when 5000 < x < 15000 

h + 10000 when 15000 < x < 60000 


represents the amount of money charged by a company to distribute an electrical appliance in 
L.E where x represents the number of distributed appliances, find : 


(a A5000) b)/ 10000) c /50000) 


^2 Geometry: If P is the perimeter of a square of a side length t . Write P as a function of t 

(P < /)) then find: 


a P < 3) 


b P<-^) 




13 Geometry If A is the area of a circle of radius length r . Write A as a function of r (A=/r)), 

then find A(r) and A(5). 
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X 




14, Determine the domain for each of the real functions defined by the following rules: 


'• ** - 7^* 

(c j(.x ) = <nn 
i e )fx) = 


_ X+ I 


b Jyir) = 4 


r’+ I 


/ITT 


C* /*) = V4-JC 2 

0 ju> =! + _!_ 

jr jr + 2 




q5j If/,: R ► R where /,( jr) = 3 jr - 1 and f 2 : | -2, 3| ► IR where f 2 (x) = 2 jr + 4 

find : (/■, + /,) (x) , (J\ - /,) (jr) and deduce the domain of each function. 


1 6 If /,(.r) = x + 2 and the domain of f x -\ -3. 4 |,/ 2 (.t) = x 2 + lx and the domain of f 2 = (-1 , 3) , 

Find : (/, + / 2 ) (jr) , (/, - /,)(*) , (— ) (.r) , (tl) (x) and deduce the domain of each function. 

n f\ 


17 If/fr) = 3.v + 1 , g(jr) = .r 2 - 5 and h(jr) = x 3 

Find: 

( a (A* g) (2) b (g •/) (-3) (c (g • h) (1) ®(h*/)(-2) 


@ I fflx) = — , g(jr) = jt + 3 

x 

Find : (f o g) (x) , (go f) (x) and deduce the domain of each function. 


^ If fix) = x 2 - 3 , gU) = Vx-2 

Find: if o g) (x) in the simplest form and determine its domain then find (fog ) (3) 

Creative thinking: 

If z (x) = vj?-4 , find the two functions /and g such that z(x) - if* g) (x). 
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§mm IFtepaiGficss 




We will learn 


► Symmetry of function 
curves. 

► Even functions 

► Odd functions 

► One-to- one functions 



Key - term 


► Symmetry 

► Even function 
► Odd function 

► One • to • one function 


► Horizontal line 


The graph of the function / where y =fix) may be characterized by some 
geometrical properties that can be noticed easily from the graph. These 
properties can be used in studying the functions and their applications. 
The most common properties are the symmetry about y-axis or about 
the origin point. 


Introduction 

You have studied the symmetry about a straight line where the curve 
can be folded about this straight line completely. You have also studied 
the symmetry about the origin point . 





Y 












(-) 

,Y) 

\ 





Y) 



\ 






« 

3 

A 

1 


1 / 

1 

X 




\-l 








• £ 






Symmetry about y-axis 
figure (1 ) 



Symmetry about origin p 

figure (2) 




Matrials 


► Scientific calculator 


► Computer programs for 
graph. 


In Figure (1): 

The point (-* . y ) lying on the curve is the image of the point (x.y) lying 
on the curve by reflection in y-axis. 

In Figure (2): 

The point (-jr , -y) lying on the graph of the curve is the image of the 
point (x. y) lying on the same curve by reflection in origin point. 


Q Try to solve 

J In the following figures, show which curve is symmetric about 
y-axis and which is symmetric about the origin point. 
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(A) 


<B> 


(C) 


Critical thinking: 

Are curves of all functions symmetric about y - axis or about the origin point only? Explain. 

Even functions and odd functions 



The even function: the function / : X ► Y is said to be even \ffi-x ) =/(x) , for all -x, x € X. 

The curve of the even function is symmetric about y-axis. 

The odd function: the function f : X ► Y is said to be odd if / (-jr) = - /(x) for all -x ,x e X. 

The curve of the odd function is symmetric about the origin point. 

Notice ; A lot of functions are neither even nor odd 

when we investigate whether the function is even or odd, the two elements x. -x must belong to 
the domain of the function. If this condition is not satisfied, then the function is neither even nor 
odd without getting,/!-*) 

Example 

1 1 Show the type for each of the following functions (even - odd ). 

( a fix) = x 2 0 ) fix) = x 3 

o Solution 

a f(x) = x 2 , domain of /= IE. 

for each * and -x € IE , then fi-x)= (-x) 2 = x 2 

i.e.:fi-x)=fix) then /is even function 

(b fix) = x 3 , domain of /= IE 

for each x and -x e IE , then: fi-x) = (-x) 3 = - x 3 

i.e.:y(-x)= -fix) then / is odd function 

Important remark: 

The function / : 


c /*) = /xTT d /*) = 


cosx 


,fix) = at" where a # 0 , n e Z* is called the power function. 
The function is even when n is an even number and it is odd when n is an odd number. 
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( c fix) - /ITT . the domain of /= |-3 ,« ( 
notice 4 € |-3 ,» | while - 4 * (-3 . ®| 
then /is neither even nor odd 

d ./hi = cos x , the domain of /= E 
for each x and -x e E then : 
fi- x) =cos (-jr) = cos x 

then :fi-x) =fix) then /is an even function 


Remember (half 9 




sin (-jr) * - sin x 
cos (-x) = cos x 
tan («r) = • tan x 



Try to solve 


^2y Determine the type for each of the following functions whether even , odd or otherw ise. 


(a f(x) = sin x 
( d fix) = x 2 cos x 
(9 fix) = x 3 +x 2 


b f( x ) = x 2 + cos jr 
® / x) = x* sin x 
h fix) = sin x + cos x 


( c fix) = x* - sin x 
C f)fix)=x i cos x 
• fix) - sin x cos x 


What did vou deduce? 

W 

important properties : 

If each of : /, and / 2 is an even function and each of g,and g 2 is an odd function, then : 
is an even function 2) g,+ g 2 is an odd function 

3) /, x /, is an even function 4 ) g ( x g 2 is an even function 

5)/, x g 2 is an odd function 6) /, + g, is neither odd nor even 

Using these properties, verify your answers in try to solve (2) 


Example 


2 ) Each graph of the following graphs shows the curve of the functions / Determine which 
functions is even, odd or otherwise. Verify your answer algebrically. 
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\ 

o> Solution 

a From the graph of the function fix) = x 3 + x, we notice that the domain of/= E 
the curve of /is symmetric about the origin point, so the function is odd. 

V for all x , -x e E .'./ (-jt) = (- x) 3 + (- x) 

simplifying : / (-jt) = - x 3 - x 

take off (-1) a common factor /-x) = - (x 1 + x) 

/(- x) = -fix) /is odd. 



From the graph of the function /(x) = 2 - x 2 , we notice that the domain of/= |-2, 2| 
the curve of /is symmetric about y - axis, so the function is even . 

V for all , x , -x € (-2, 2| .*. / (-jr) = 2 - (-x) 2 

simplifying / (-x) = 2 - x 2 

fi-x) =/(x) /is even 



From the graph of / (x) = x 2 - 4x , we notice that the domain of / = E the curve is neither 
symmetric about y-axis nor about the origin point, so the function is neither even nor odd: 

V x , -x € E / (-x) = (-x) 2 - 4 (-x) 

simplifying /(-x) =x 2 + 4x #/(x) /is not even 

but -fix) = - x 2 + 4 x 

then fi-x) # -f{x) 

i.e. the function is neither even nor odd. 


/is not odd 


Q Try to solve 

( 3 ) Show the type for each of the functions represented by the following graphs (even - odd - 
otherwise) 


(.i (bi (•) «i) 
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CO 



Example 

3 The opposite figure shows the curve of the function / where: 


/(*) = 


.1 

when 

jr < 0 

jr 



1 

when 

x > 0 

X 





show that this function is an even function and verify that 
algebraically. 

O Solution 

From the graph, the curve of the function is symmetric about y-axis, so the function is even. 
Algebraic verification: 
the domain of /= |-« , 0|U | 0.* | 
replacing (-x) insted of (x) 
v for all x , -x e domain / .*./ (-jr) = 


1 

<-x) 

when 

(-•*■) < 0 

1 

(-*) 

when 

(-*) > 0 


Simplifying 


A-x) = 


X when x > 0 

x 


when x<0 


x 


exchange the two rules 


A-x) = 


_ X when x < 0 

x 

X when jc > 0 

x 


\.c.f(-x) - f (x), so the function is even. 



Try to tolvo 

(4 Represent graphically the function / where / (x) = 


x + 2 where x > -2 


- x -2 where x < -2 

then show whether the function is even, odd or otherwise. Verify your answer algebraically. 
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/ 




the function /: X * Y is called one- to - one function if : 

for all a, be X , /(a)=/(b) then a = b 

or for all a # b then /(a) #/(b) 



Example 


4 Each figure shows the curve of the function / : X * Y. Prove that /is one - to - one function. 



a] fix) = x + 2 , the domain of/= E 

for all a , b € E then /(a) = a + 2 , /(b) = b + 2 

let/(a)=/(b) ,\ a+2=b+2 

eleminate 2 from both sides a = b then t is one - to - one function 


b ) / ( jc) = , the domain of/=E- { 2} 

x -2 


for all a , b e E - {2} then 

let/(a)=/(b) 3a -5 _ 3b -5 


/a) = 


_ 3a -5 


a - 2 


./b) = 


♦ • 


a- 2 


b • 2 


3b -5 
b - 2 


By cross multiplying, we get 3ab-6a-5b + 10 = 3ab-6b-5a + 10 
by cleminating and simplifying a = b /. /is one- to • one function 


The horizontal line test 

The function / : X * Y is one - to - one function if the horizontal line ( parallel to x - axis) at 

each element of the range elements of the function intersects the curve of the function at one point. 

Q Try to solve 

(s) In try to solve (3) page (19) show which figures represent one-to one function. 

6^ Prove that / : X ♦ Y is one-to - one function where: 

a / (jc) = lx - 3 ( b g (or) = ’ * 

J * 4r + 3 
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Example 

5 Show that the function / : X • Y where f(x) = x 2 is not one-to-one function. 


O' Solution 

/(2) = 4 ,/(-2) = 4 /(-2) =/(2) = 4 

V -2 # 2 then /is not one-to-one 

Wc see that the horizontal line at y = 4 corresponds two 
unequal values for the variable x which are -2 and 2. 
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Try to solvo 


( 7 ) Show that , the function / : X 
(°> y(jr) = jc 2 - I 


*Y is not one-to-one function. 

b ) g (jc) = x 2 - 5jt + 6 


Critical thinking: Can the even function be one-to - one function? Explain. 



Exarcisas (1 - 2) 



J Determine the symmetry for each of the following curves (symmetric about x-axis. y-axis or 
origin point). Explain. 
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Figured) Figure (2) Figure (3) 



Find the range for each of the following functions and mention its type (even, odd or 
otherwise). 
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Figure (1) 
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Figure (4) Figure (5) Figure (6) 


Investigate the type for each of the following functions (even - odd - otherwise). 
® fix) » at 4 + oc 2 - I 0 /(x) = 3 * - 4 jc 3 <c)/(x) = jr , --j- 

(<* fix) = J-3x (•) /(*) = CO^) = jccosa: 

x - 3 

9 fix) = J~x* + 6~ (h y(.r) = _*L 0 )/(*) = (jr 2 +1 y 3 

1 +jt 

,4/ If /|./ 2 and / 3 are three real functions where f { (x) = x s ,f 2 (x) = sin x.fy(x) = 5-t 2 . 
then determine which of the following functions is even, odd or otherwise. 

• /, +/ 2 1 b /, +/ 3 ® /, */ 2 d )/ 3 */ 2 

( 5 ) If / and g are two real functions where fix) = (3 - *) 2 , g(or) = (3 + or) 2 
then determine which of the following functions is even, odd or otherwise. 

( a /+ g \to f. g c f. g 



Graph each of the following functions and from the graph, show whether the function 
even, odd or otherwise and verify that algebraically. 

f - x when x > 0 




when x > 0 


(biyw-1 , 


when x < 0 



*2 

when 

x <0 

c fix)= , 

' x- 1 

when 

x>0 

k 7jr 

when 

x < 0 



x + I when x > 0 
I - x when jc < 0 
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Figure (2) 



Figure (3) 
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Figure (4) 


First: Complete the curve in figures (I) and (3) in your notebook to get an even function 
over its domain. 

Second: Complete the curve in figures(2) and (4) in your notebook to get an odd function 
over its domain. 

Third: Determine the domain and range of the function in each case, then show which graph 
represents one-to-one function. 

8 In each of the following, determine whether the function is one-to-one or not. Give reason. 

(•>/U) = 3*+l (b) /(jr) = c J[x) = x 3 + I 

or- 2 

( < 0/(*) = 2-r 2 -Jt- 3 (e)/jr) = .« 4 + 2j 2 + 1 


9 Industry : Said works in a factory producing energy-saving lamps. If his salary was 8 pounds 
for every working hour in addition to 0.3 pound for each lamp produced daily. 

a Find the rule of the function / which expresses said’s salary if he works for 7 hours daily . 
(b Is the function / one-to- one ? Explain . 


1 0 Creative thinking : Represent graphically the curve which satisfies each of the following condition: 
a Passes through the points (0 , -2) , (2 , 2) , (3 , 7) and represents an even function, 
b Passes through the points (0 . 0) . (-2 , I ) , (-3 , 5) and represents an odd function. 
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Think and discuss 


The opposite graph shows the 
temperatures recorded in Cairo 
on a day. Observe the change of 
temperatures according to time, 
then find from the graph: 
a The periods when the 
temperature decreases, 
b The periods when the 
temperature increases. 


temperature ( c ) 



time (t) 


(c The periods when the temperature is constant. 

The curves help us know the behaviour of the function /and identify the 
intervals of increasing, intervals of decreasing or intervals of constant 
which is called monotony of the function. 


iT Lea 


Increasing function 

The function /is said to be increasing on the 
interval |a , b| 

for all or, , Jtj e ]a , b [ 
when: x 2 >x, 

then /( jc 2 ) >/(Jf|) 

Decreasing function 

The function / is said to Ik* decreasing on the 

interval |c , d| 

for all jt, , x 2 e | c ,d | 

when: .r 2 > jc, 

then f(x 2 ) </(*,) 




Constant function 

the function / is said to be constant on the 

interval: )/ , m| 

if : Jtj , jr 2 e | f , m| 

where x 2 > jc, 

then/(jr 2 ) =/(*,) 
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We will learn 


> Monotony of functions. 
» Using graphing 
programs (GeoGebra) 
to graph the function 


curve. 



Key - term 


► Monotony 

► Increasing function 

► Decreasing function 

► Constant function 


Matrials 

► Scientific calculator 
» Graphic programs 
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Example 



Discuss the monotony of the function represented by the 
opposite figure. 


Solution 

> the function is decreasing on the interval 1-%, 0| 



> the function is increasing on the interval |0, 2| 

> the function is constant on the interval |2,» | 


A Try to solve 

1 , In the opposite graph: Discuss the monotony of the function. 




Example 



Each of the following figures shows the graph of a function 
/ : X ► Y where Y =fix). Deduce the domain , range and 



the monotony of the function. 


(a) b) c) 



O Solution 

( a The domain of/= E, = | -» ,oo | , range of /= ) -« ,® | the function increases on |-« , *| 

b The domain of /= | -x , 2| U| 2,® | = | -« ,x |, range of /= E, 
the function increases on )-*, 2| , and also increases on | 2 .« | 

The domain of /= | , 1|U | 2,® | , range of /= | - ®, 4| 

the function is constant on | -» , 1 1 , and decreases on | 2 ,® | 
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Try to solve 

,2^ In each of the following graphs, deduce the domain , range and monotony of the function: 
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Critical thinking: Which of the previous figures represents one-to-one function? 
explain your answer. 


Using the graphing programs to study the properties of functions 

(there are a lot of graphical programs to represent the functions. The most famous is free GeoGebra 
for tablet or computer) 



\ 

Activity 


Use the GeoGebra program in graphing the geometric 
transformation for functions. 


Use GeoGebra to represnt graphically the 
function / where fix) = jt* - 3x + 2 , then find: 

a The domain and the range of the function /. 

b Discuss the monotony and the type (even - 
odd - otherwise): 

1 - Open algebraic window . graphing (GeoGebra) 
then press ▼ Graphics choose to 

reach the shown window in Fig (1). 

2 - In the algebraic window, write the rule of 
function fix) = x* - 3x + 2 in the input bar 
as follows: 

— *- start 

press the curve of the function appears in 

graphical window and the rule of the function in 
algebraic window as shown in Fig (2) 
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3 -To determine points on the curve of the 

function, choose A from the tool bar 

v 

and a new point from the menu. Move the 
pointer until it reaches the point determined 
on the curve. Press left click on the mouse 
so the point will appear on the curve in the 
graphical window and the coordinate of the 
point appears in the algebraic window as 
shown in Fig (3). 



4 1(b) ■ s'-Ss + l 


* ATU4» 


Fig (3) 
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From the graph: 

( a The domain of/= | - »,» | , the range of/= | - «, ®| 
b The function is increasing on oo , -|( , decreasing on 
|-l , 1 1 , increasing on |1 , °o| 

The function is neither even nor odd. 

Note: 

The point (0. 2) is the point of symmetry of the curve and the 
function is not one to one. 

Drill on the activity 

Use Geogebra to draw f.flx) = 3x - x 3 and from the graph check 
the monotony of the function and its type even , odd or otherwise . 
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Exercise* (1 • 3) 



j) The following graphs represent the graph of some functions, deduce the range and discuss 
the monotony from the graph: 
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2 y Using the following graphs, deduce the domain , range and the monotony of each function. 

b) c 
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/U) = 


4 - x when x < I 


. x when I < x < 6 


a Graph of the function / and from the graph, deduce the range of the function and its monotony. 

b) Is the function one -to one . Explain . 

4 Creative thinkin g 

Can the function w'hich is increasing or decreasing continuously on its domain be one - to - one? 
Explain. 




v 5 y Using a graphing program . draw the curve of the function /in each of the following, then 
deduce the range, the monotony and its type ( even .odd or otherwise ). 


(a fix) = jc 2 - 5 

( d /(*)* x 3 


b f(x) = 4 - jc 2 

( ® A x ) = JC 3 - 3;r 


( c yUr) = (jr-1) 2 + I 

' JW-L 

jc- 2 


r 
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We will learn 


► The poiymial func- 
tions (liner - quadratic 
* cubic). 

► Modulus function (abso- 
lute value) 

► Rational function 


► Using the geometric 
transformation of the 
function to graph the 
curves. 


y =f[x) ♦ a 
y */(x ♦ a) 
y -ft* 4a) + b 

y-\/lx) 
y * a/lx) 
y * a/lx +b) ♦ c 
► Transformation of 
some trigonometric 
functions. 



Key - term 


► Transformation 

► Translation 

► Reflection 


► Vertical 

► Horizontal 


► Asymptotes 



Matrials 


► Scientific calculator 


► Graph program 


The Polynomial functions 

You have studied the polynomial function whose rule is in the form: 

fix) = a,, + a,* + a^x 2 + a^r’ + + a n x" 

where: % , a, , a^ , a, , . a n e ffi. . a n / 0 , n € N 

and you knew that the domain and the co-domain are the set of the 
real numbers R (or a subset of it). As a result, these functions are 
called polynomial functions of n degree (n is the highest power of the 
independent variable *). 

Notice: 

1 - If fix) = a t) , a,, ^ 0 then /is called a constant polynomial function. 

2- Polynomial functions of the first degree are called linear functions, 
second degree are called quadratic functions and the third degree 
are called Cubic functions. 

3- Adding or subtracting different power functions and constant, we 
get a polynomial function. 

4- Zeros of the polynomial function are the x -coordinates of the point (s) 

of intersection of the curve with x -axis. 

5- Two polynomial functions / and g are equal if they have the same 
degree and the coefficients of corresponding power of x are equal. 

Example 

1 If/and g are two polynomial functions where fix) = (a x + 5) 2 . 
g(*) = 9* 2 + 30 * + c - 4 , and if fix) = g(x), find a , c. 

0 > Solution. 

fix) = (a x + 5) 2 = a 2 x 2 + 10a * + 25 

V fix) = g(.t) then corresponding coefficients of * are equal 
Comparing the coefficients of* .*. 10a = 30 a = 3 
Comparing the absolute term: c - 4 = 25 then c = 29 

Q Try to lolvt 

Jz If/*) = (a + 2b)jr , -c* + 4 , g(*) = lx 3 + 5* + ( a - b) 
find the values of a, b and c which make/*) = g(.v) 
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Polynomial Functions 


Learn 

The following is a graphical representation of some polynomial functions: 


1) fix) = x 

the function / joins the number by itself and is represented 
graphically by straight line passing with origin point (0. 0), 
and its slope = I 

(check : its range = IE ,/ is odd and /is increasing on R ) 


2) fix) = x 2 

the function /joins the number by its square and is represented 
graphically by an upward open curve and symmetrical about 
y-axis , and its vertex is (0. 0) 

(check: its range = 1E. /is even , and /is decreasing on |-°c , 0|. 
and increasing on |0.«> |) 

3) fix)* jr 3 

the function /joins the number by its cubic and is represented 
graphically by a curve its point of symmetry is (0. 0) 

( check : its range = IE ./is odd and increasing on IE ) 




Example 



Graph the function / where: 



_ I x 2 when x < 2 

Ax) = \ 

( 4 when x > 2 

€► Solution 

1 ) when x < 2 , fix) = x 2 

we graph fix) = jr 2 for each x e |-« , 2\ 

with putting an open circle at point (2. 4 1 as in Fig (1) 



Fig (D 
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2) when x > 2 1 ytr) = 4 

we graph the constant function /lx) = 4 for each 
x e |2 , *| on the same diagram fig (2) 

Notice that the domain of/= IE - {2} , the range of 
/=|0. «| 

Q Try to solvo 

,2^ Graph the function /where: 



T 


i 

Y 







\ 


5 









\ 



) 

t 






\ 



/ 







\ 

* 


/ 





X' 


□ 







X 

* 



1 3 


u 

3 

- 

» ! 

u 


Fig (2) 



when x < 0 
when x > 0 


then , deduce the range of the function and its monotony. 




Learn 


The Absolute Value Function 

the simplest form for absolute value function is fix) = LrLt € IE 
and it is defined as follows : 

x when x > 0 

jt 


^ 1 - x when x < 0 

Notice: I - 31 = 131 = 3 , 101 = 0. ^37 = SIT = 2 

i.e: W > 0 , I-jc I = W , ^ ** - W 

The function /is represented graphically by two rays starting from point (0, 0) the slope of one of 
them = I and the slope of the other = - 1 

(check : its range = |0 , x| ,/is even ,/is increasing on |0. x | and /is decreasing on |-x, 0 | ) 





Learn 


The Rational Function 

the simplest form for the rational function is: 

fix) = ±,xe$L-{ 0} 

x 

the function / joins the number by its multiplicative 
inverse and is represented graphically by a curve whose 
point of symmetry is (0 , 0). It consists of two parts one 
of them lies on the first quadrant and the other lies on 
the third quadrant. Each part approaching to the two axes 
doesnot intersect them ( x = 0 , y = 0 asymptotical line) 

(check : its range = IE *{0}, / is odd and is decreasing on, |-x, Q| , and is decreasing on |0,x | ) 


Ixl when x<0 
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Try to solvo 

y3y Graph the function / where fix) - 

-L when x> 0 
x 

from the graph, find the range of the function and check its monotony. 
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Geometrical transformations of the curves of the functions 


First: Vertical Translation of the function's curve 



Co-op*rativ« learn 


Work with a classmate 

1 ) Graph the function / : fx) = x 2 
use the program geogebra 

2) Put the pointer on the vertex of the curve and 
drag the curve vertically upwards one unit . 
Notice the change of the function base to 
express a new function whose base is 
fx) = x 2 + 1 as in Fig(l). 



3) Drag the vertex of the curve to point (0. 2) and 
(0, 3) then write down your notice each time. 

4 ' Drag the curve ofyfa) sx 2 vertically downwards 
2 units. Notice the change of the function base 
to express a new function whose base is 
fix) = x 2 - 2 as in Fig (2) 

Think : show howyf.r) = x 2 - 5 can be graphed using 
the curve of function fix) = jt 2 ? 

we can deduce that: 

If/tx) = .r 2 . g(x) = x 2 + I and h(x) = x 2 - 2. then: 

1 ) The curve of g(. r) is the same curve of fix) by 
translation a unit in the positive direction of 
y ^axis 

2) The curve of h(x) is the same curve of fx) by 
translation 2 units in the negative direction of 
y -axis 



Critical thinking : using the curve of function fx) = x 3 , show how the curves of each can be 
graphed: 

(a g(x) = x J + 4 b /j(x) = x 3 - 5 

* 

_ Graphing the curve y = fl[x) + a 
For any function /; the curve of y =fx) + a is the same curve of y =fx) by translation of a 
magnitude of a units in the direction of O Y when a > 0 and in the direction of O Y' when a < 0 
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Example 

( 3 The opposite figure shows the curves of functions /, g and h. 
where each of g and h are the image of the function by 
a vertical translation. Write the rule of the functions of g 
and h where fix) - W 

O- Solution 

V the curve of the function g is the same curve of the 
function /by translation of a magnitude of 3 units in the 
direction of O Y' 
then g(x) =fix) - 3 

’•'fix) = W then g(x) = 1x1-3 

*.* the curve of the function h is the same curve of the function /by translation of a magnitude 

m 

of 2 units in the direction of OY , then h(x) =/fx) + 2 
'•‘fix) = Irl then h(x) = 1x1 + 2 




Q Try to solve 

4 ) The given figures show the curves of the functions /, g and h where g and h are the images 
of the function /by a vertical translation. Write the rule for each of g and h in each figure. 


a 1 lb ) I c 



Second Horizontal Translation of the function curve 



Co-operative learn 


Work with a classmate : 


1) Graph the function / : fix) = Ld using 
geogebra by writing the rule of the function 
in the input box as follows: abs(x), then 
press enter. The curve of the function will 
appear in the graphical window and its rule 
f(x) = l.d will appear in the algebraic window 
as in Fig (1) 
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2 ) Drag the curve of the function horizontally in 
the positive direction of x -axis for a number 
of units. Notice the change of the function 
base in the algebraic window 
as in Fig (2) 




3 ) Drag the curve of the function horizontally in 
the negative direction of x -axis for a number 
of units. Fig (3). What do you notice? 

Think : Show how the two curves of the functions 
g and h can be graphed using the curve of 
the function f where fix) = Id, 
gU) =lt - 51 and h(.r) = Ur + 41. 



Learn 

Graph the curve of y = / (x + a) 

For any function / ; the curve of y =fix + a) is the same curve of fix) by translation of a magnitude 
of a units in the direction of OX when a < 0 and in the direction of OX'whena>0 

Notice : In the opposite figure :fix) =l.d: 

1 ) The curve of the function g is the same 
curve of the function / by translation of 
a magnitude of 3 units in the direction of 

o"x. 

g(.v) = Ur • 31 and the starting point of 
the two rays is (3, 0) 

2 ) The curve of the function h is the same curve of the function /by translation of a magnitude 
of 2 units in the direction of O X' 

h(.t) = Ur + 21 and the starting point of the two rays is ( -2 , 0) 




Example 

( 4 Use the curve of the function / where fix) = x 2 to represent each of the two functions g and h 
where : 

a g(.r) = (x - 2)* b h(jr) = (x + 3) 2 
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Solution 




S \ 








4, . 








V 

3 


/ 

< 


7 




\ 

2 


' r 1 

/ 

□ 

t 





R 



,v 

* 




in 

L 

1 

i 

* 

• 

» - 

\1 


> the curve of g(.r) = (x - 2) 2 is 
the same curve of fix) = x 2 
by translation 2 units in the 
positive direction of x -axis 
and the curve vertex point is 
( 2 . 0 ). 
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the curve of h(.r) = (.v + 3) 2 is 
the same curve of fix) = jt by 
translation 3 units in the negative 
direction of x -axis and the curve 
vertex point is (-3 , 0). 


Q Try to oolvo 

Use the curve of the function fix) = x 2 to represent each of the two functions g and h where: 
( 0 g(Jf) = (x + A? b h(.r) = (jt - 3) 2 

.6 Write the rule of the function / represented by each of the following graphs : 


c 



Critical thinking : If fix) = jr 2 , show how the curve of the function g where g(.r) = (x - 3) 2 + 2 
can be graphed. 


Graphing the curve of y — fix + a ) + b 

From the previous we deduce that: the curve of y = fix + a) + b is the same curve of 
y - fix) by a horizontal translation of a magnitude of a units. 

( in the direction of O X when a < 0 , in the direction of O X' when a > 0) , then with a 
vertical translation of a magnitude of b units ( in the direction of O Y when b > 0 and in 
the direction of O Y’ when b < 0) 
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Q Try to solve 

j' y Use the curve of function / where fix) = jr 2 to represent each of the two functions g and h 
where : 


(a g(jr) = (jr + 2) 2 - 4 b) h(.r) = (3 - *) 2 - I 




Example 


5 Draw the curve of the function g where g(.t) = — ! — 

x - 1 

range of the function, and discuss its , monotony: 


o> Solution 

the curve of the function g is the same curve of 
the function / where fix) = — by translation of 

X • 

a magnitude of one unit in the direction of O X 
( a = - I < 0) , then by translation of a magnitude 
of 3 units in the direction of O Y and the point of 
symmetry for the curve of the function g is the point 


+ 3 and from the graph, determine the 



(1,3), Range of g = K. - {3} and the monotony of the function g: 
g is decreasing on | - », 1 1 , and is also decreasing on 1 1 , « | 

Critical thinking : Can it be said that fix) = — + 3 is decreasing on its domain? Explain 

x -2 


Q Try to solvt 

8 Use the curve of the function / where fix) = — , x # 0 to represent each of: 

x 

( a I g(x) = — L-=- + I (b I h(x)= 

jr + 2 jr- 2 

9 Write the rule of the function / represented graphically by each of the following graphs : 
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Activity 


Using the graphical calculator to graph functions 
To use the graphic calculator to graph the curve of the function / where 
fix) = jr 2 + 4.r + I, follow the next steps : 


1) Turn calculator on and press MENU then move the indicator to 


choose graph . then press EXE which is the entering button 


to get the typing window. 



_ tsMvooa 

CiJGj'^CEDfe 1 


2) In typing window, write y , using the button T .6, X to 


type the variable x , so press the following buttons : 


start T,6.X ♦} CD 


3) To graph the function start EXE 



EXE 


the graphical window appears as shows in figure. 


4 ) Use the button ( in the graphical window to study 
the function. 



Notice: 

fix) = x 2 + 4.t + I by completing the square 
= (jr 2 + 4.r + 4) - 3 
= (x + 2) 2 - 3 

i.c the curve of the (given) function / is same curve 
of the function g where g(.r) = x 2 by translation of a 
magnitude of 2 units in the direction of q x' ( ^ en 
3 units in the direction of q y‘ as shown in graph 
opposite. 
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Application: use the graphical calculator to graph the curve of the function / 

where /( jc) = — L_+ 4 from the graph, determine the range and monotony. 

x - 2 


Third: Reflection of function's curve in x-axis 


The given figures show the reflection of the curves of some standard functions in x-axis. 



What do you notice? What do you deduce? 


^ Learn 

Graphing the curve of y = - /< x > 

For any function /, the curve y = -fix) is the same curve of y •fix) by reflection in x - axis. 



Example 


Using geometrical transformation in graphing the curve of the 


functions 

6 Use the curves of the standard functions to graph the curves of the functions g , h and z where: 
a g(.r) = -(jc - 31 2 (b) h(jr) = 4 - Ur + 31 


c) z(jr) = 2 — !— 

je - 3 


Solution 

a The curve of g(.t) is the same curve of fix) = x 2 by reflection 
in x - axis, then horizontal translation of a magnitude of 
3 units in the direction O X . The curve vertex point is 
(3, 0) and the curve is open downwards. 



b The curve of h(x) is the same curve of fix) = Lx) by 
reflection in x - axis, then horizontal translation of a 
magnitude of 3 units in the direction of O X' followed 
by vertical translation of a magnitude of 4 units in the 
direction of O Y and the starting point of the two rays is 
(-3, 4) and the curve is open downwards . 
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C The curve of z(x) is the same curve of fix) = — by 

x 

reflection in x-axis followed by horizontal translation of 
a magnitude of 3 units in the direction of a magnitude of 
OY then vertical translation of a magnitude of 2 units in 
the direction OY , and the point of symmetry is (3, 2). 



Try to tolvo 



J o' Graph the function g in each of the following where: 

(•) £(*) = 3 -( x+l) 2 ( b I g(jr) = - (jt - 3) 3 

c gix) = 3 - Ir - 51 


then check your answer using a graphing program or the graphic calculator. 


^ Exampl* us j n g the geometrical transformation in graphing the curves of 

the functions 

7 Usethesuitablelransformationtographthecurvesofthetwofunctionsgandhwhere#(x)=4-x 2 and 
h( x) = 14 - x 2 ! 


Solution 

First: graph the curve of the function g 
the curve of the function g is the same curve of the function / 
fix) - x 2 by reflection in x - axis, then vertical translation of 
a magnitude of 4 units in the direction of O Y illustrated in 
fig (1) 


Second: graph the curve of the function h 
h(x) = 1 4 - x 2 ! then h (x) = lg(x)l 
Then y coordinate is positive for all the points of the curve of 
function where y = lg(x)l 

| g(x) when g(x) > 0 

- g(x) when g (x) < 0 

i.e the curve of functions h lies in I s1 and 2 nd quadrants, 
which means reflection for the curve of the function g for all 
g(x) <0 in x-axis 

as shown in fig (2). 
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Q Try to solve 

The following figures show the curves of the functions /, g and h. Write the rule of the 
function in each figure: 



Fourth: stretching of the function curve 


Co-operative learn 


Graph the curve of g(x) = a / (x) 
work with a classmate. 

1 ) Graph the curve of f. fix) = x 2 using Geogebra 

and in the input box. write the rule of function g as 
follows: 


start ( o ] 







A new window will appear (Fig I ) 
choose Create sliders 

Use the indicator of a to choose other values of 
a w here I < a 

Notice the motion of the curve with respect to the curve 

of the function / for each 

x € E. as in Fig (2) and when I > a 

as in Fig (3). What do you notice? What do you deduce? 



if Learn 

Graph the curve of y = a/(jr) 

for any function / ; the curve of the function y = a fix) is 
a vertical stretch for the curve of y = fix), if a > 1 and a 
vertical shrinking for the curve of y =fix) if a < 1 
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Graphing the curve of the function g(x) = a fix + b) + c 




Example 


using the geometrical transformations in graphing the curves 
of the functions 



Use the curve of the function / where fix) = Ld to represent each of the two functions g and h: 

(*0 g(jr) = 2lxl b) h(.v) = 2 I x~ 7 I + 2 


O Solution 

a the curve of g(.t) is a vertically stretch of the curve of the function Ax) whose coefficient = 2 > 0. 


then for each (x ,y) ef 
then (x , 2 y) e g 

b the curve h(.t) is the same curve of 
g(.t) by a horizontal translation of a 
magnitude of 7 units in the direction 
of O X , then vertically translation of 
a magnitude of 2 units in the direction 
of 0~V 
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Q Try to solvo 

^ Use the curve of function / where fix) = x 2 to represent the two functions g and h : 

( a I g (jr) = - 1 jc 2 (b)h(.r) = 2-i(jr-5) 2 

Check your answer using a graphing program or the graphic calculator, then determine the 

range of h and its monotony. 



111,1 """"" > 

Activity 


Applying the geometric transformations , which you have learned in the previous 

algebraic functions on the sine and cosine functions 

Trigonometric functions the curve of the sine function 

First: Translation on X - axis 

1) Use the program ( GeoGebra ) and set the program so that the x-axis scale is in radian by 
pressing the mouse (right click) and choose the choice in the last line; then choose x-axis 
and choose the staging system (x-axis) (71). 

2 ) At the bottom of the program (input), type the command : sin (x) then click (enter) to get the 
red curve of the function. You can control the color and thickness of the curve by pressing 
the mouse (left-click) and press (object properties), the shown window shows the color, 
thickness, and ... 

3) By the same way. type the command : sin (x + JL ). then click (enter) and color the curve in 
a different color. 
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Compare between the two curves. What do 
v ou notice? 

W 

From the graph, we deduce: 

The curve of the sine function is translated 
horizontally to the left by a magnitude of y 
units as in the real functions. We notice that the 
range of the 2 nd function is | - I . 1 1 is the same range of the function sin x , also we notice 
that the function sin (.t + -y ) is neither even nor odd because its curve is not symmetric 
about the origin point or y-axis. 



Think: 

> What do you expect to be the direction of the X-translation if the rule of the second function 

is : sin (x - 5.)? 

3 

Second: Translation on Y -axis 

1) Graph the curve of the function / where 
fix) = sin x as above. 

2 ) Graph the curve of the function g where 
g(.t) = sin .r + 2 in different color. Compare 
between the two curves. What do you notice? 

From the graph, we deduce: 

The curve of 2 nd function is the same curve of the 
functions y s sin x after translated a magnitude 
of two units upwards also the range of 2 nd function is 1 1 , 3| because it was translated by 
a magnitude of two units in the direction of y-axis from the first function and the function 
y = sin x + 2 is neither even nor odd. 



Critical thinking: 

In each of the follow ing figures: 

Describe the geometric transformation of the curve of the function / which graphs the curve of 
the function g then write the rule of function g. its range and its monotony. 

a (b) c 
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Exercises (1 - 4) 



yly Determine the values of a , b and c which make/(.t) = g(jr) where 


fix) = (a + b) jc 3 + 3jt - 2 , g(.v) = 5.r* + ( a + c) x + b 




2 y Graph the curv e of the function /. then determine its range and check its monotony from the graph. 


8 ft *) = 


c ) Ax) = 


Id when jr < 0 
x 2 when jr > 0 

jr 3 when x < I 

I when x > I 


(*> Ax) = 


( d Ax) = 


4 when x < -2 
jr 2 when x > -2 

— when jc<0 

x 

Id when x > 0 


Choose the correct answer from those given: 

^3^ The curve of g(jt) = .r 2 + 4 is the same curve of A x ) = x 2 by translation of magnitude 4 units 
in the direction of: 

(a OX b OX' (c)oY d ) OY’ 



The curve of g(.t) = Ur + 31 is the same curve of A x ) - W by translation of magnitude 3 units 
in the direction of: 


(a) OX »>) OX' (eloY 

ySy The curve vertex point of Ax) = (2 - jr) 2 + 3 is: 

(a) (2, 3) b) ( 2 , -3) (c>(-2,3) 

6y point of symmetry of the function / where A*) - — - — 
(a (3.-4) b) (- 3 , -4) (cl (3. 4) 


+ 4 is: 



d ) (-2. -3) 


d ) (-3. 4) 


j) The curve of the function / where A x ) = x 2 is 
graphed , then translated in the directions of the 
coordinate axes x. y as in the opposite figure. 

Write the rule for each of the following 
functions: 

> g. h and z 
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(») The curve of the function /, where fix) = .** is 
graphed, then translated in the directions of the 
coordinate axes x , y as in the opposite figure 

Write the rule for each of the following 
functions: 

> g. h. z . 





The curve of / where J{x) = Id 

is graphed then translated in the direction of 

coordinate axes .r , y as in apposite figure. 

Write the rule for each of the following 
functions: 

> g. h, z 
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The curve of the function / where J[x) = — is graphed, then translated in the directions of the 
Coordinate axes x, y. Write the rule of each of the following functions: 
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^ j) Use the curve of the function / where fix) = x 2 to represent each of the following graphically, 

(a) /,(*) = or 2 - 4 I b)/ 2 (jr) = jr2+ i c ) / 3 (*) = (jr ♦ I ) 2 

Ux) m (x - 3? ®)/ 5 ( JT) = u - I ) 2 - 2 f f b (x)=(x + \) 2 -\ 

Use the curve of the function / where fix) = W to represent each of the following graphically: 
(*0/,U) = UI+ I b)/ 2 (jr) = Ld - 3 (c)/ 3 (jc) = U + 2I 

(0 / 4 <*) - 15 - *1 (•/,(jc) = Lr + 2l+ I 0 / 6 (x) = lx - 31 - 2 

> Find the coordinates of intersection points of the curves w it h the two axes. 

13) Use the curve of the function / where fix) =jr* to represent each of the following graphically: 
(a)/,(jr)=yUr)-3 b )/ 2 (jr) =fix) + 1 c f y (x)=f(x-2) 

(<0 f 4 (x) =fix + 3) I ® ) / 5 (jc) = fix -2) -l ,) / 6 <Jt) =fix + 3) + 2 

> Determine the point of symmetry for each function. 


@ If the function / where fix) = -J— , graph the function h and determine the point of symmetry 
of the function curve: 

I) b) /**)=/(* -3) c h(x)=fix) + 2 

(0 h(x) =fix) - 4 ®)/Kx)=/ljr + 2)-5 CO /K-r) -fix - 2) + 2 

1 s) Use the curve of the function / where f(x) = jc 2 to represent graphically: 

( f x (x) - 4 - jr 2 1 b)/ 2 (jr) = - (x - 3) 2 c / 3 (jr) = 2- (* +3)* 

^ Use the curve of the function / where yi.r) =W to represent each of the following graphically. 

(•)/,(*) = 2 -Ul b)/ 2 (jr) = -Ur+5l c / 3 (jr) = 4 - lx -21 

(0 f 4 (x) = 21x1 e )/ s (jr) = -2 Ur -II , f 6 (x) = 5 - 2 Ur +21 

^7' Graph the curve of the function / in each of the following using the suitable transformations, 
then check its monotony. 

(a /,(*)= ( x 2 + 2 when x > 0 b f 2 (x) = J - t2 + l when - 4 < x < 0 

1 -x 2 - 2 when x < 0 l - x 2 - I when 0 < x < 4 

(<0 f 3 (x) = * W - 1 ( d f 4 (x) = -yyy 

J8! If the function / where fix) = — L , graph the function / in the following cases: 

x 

( “) Kx) = \fix)\ b) fa) = 2 + !/U)l c ) /(jc) = fix - 2)1 

19 Graph the curve of the function /, then determine its range if: 
a fix) = Jx 2 -8* +16 lb fix) =1^ -2.x -31. x el-1, 4| 
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20 Trade: A grains merchant pays 50 L.E for each ton getting in or out of his warehouse for 
loading or unloading the goods, write down the function representing the cost of loading or 
unloading, then represent it graphically. 

21 Mechanics; A body covered (d) meters in 3 minutes in a uniform velocity 30 m/min. Show 
that the velocity (v) varies inversely over the time (t) for covering this distance. Write the 
function which represents the velocity and time then represent it graphically. Find the time 
taken to cover this distance if the body travels in a velocity of 45 m/min. 


2^ Urban communities^ rectangle-like pieces of land are specialized for youth housing in a 
new urban community. If the length of each is x meter and the area is 400 m 2 . 
a Show that the length of the piece of land is inversely proportional to its width, 
b Write down the rule of the function /which shows the width of the piece of land in terms 
of its length, then represent it graphically. 

c From the graph, find the width of the piece of land whose length is 25 meters, then check 
that algebraically. 


Creative thinking: 

23 If .r, , .t 2 are zeros of function f.fi.x) = (jc - a) 2 -8 where or, < x 2 and if jr 3 . x A are zeros of 
g(x) = 5 - ( x - a) 2 where jr, < jr 4 , a € IR. which of the following is a right statement: 

a x, < jc 2 < Xj < x 4 b) jCj < jr 3 < x 4 < x 2 

c X } <X,<X 2 <X 4 ® X } < X, < x 4 < X 2 

24 Industry : An iron gate whose two sides are 3 meters high 
and its arc is in the form of a part of the curve of the function 
/ :/U) = a ( x -2) 1 + 4 has been designed as shown in the opposite 
figure, find: 

a Value of a b Maximal height of the gate 

c Width of the gate 

^ 5 ) Geometry : if you know that the area of the figure included between the curve of a quadratic 

function and a horizontal line segment joining between any two points 

2 

lying on it is calculated by the relation A = * L Z 

a Find the area of the figure included between x- axis and the curve of 
the quadratic function f.flx) = x 2 - &t + 5 in square units. 

b On the same lattice, graph the curves of two functions / and g where g(jr) = Lt - 31 -2 then 
find the area of the part included between them in square units. 
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First: Solving equations 



We wi» 


► Solve the modulus 
equations graphically. 

► Solve the modulus 
equations algebraically. 

► Solve the modulus In- 
equalities graphically. 


► Solve the modulus in 
equalities algebraically. 

► Model problems and life 
applications to solve us- 
ing the modulus equa- 
tions and equalities. 



Key - term 

► Equation 


► Inequality 


► Graphical Solution 



Matrials 


► Graphic calculator. 

► Graph paper. 

► Graphic programs. 


\ 

t®_ Think and discuss 

In one figure, represent the two curves of the two functions / and g 
where /is a modulus function and g is a linear function graphically. 
Notice the graph , then answer: 

a How many probable intersecting points are there for the two 
curves of the two functions together ? 
b Do the ordered pairs satisfy the rule of each function of both 
functions if the intersecting points of the two curves are found 
together? 

Notice: 

1 ) At the intersecting points (if found) , fix) = g(x ) , and vice versa for 
each x belong to the common domain of both functions. 

2) For any two functions / and g. the solution set of the equation 
/(jc) = g(x) is the set of x-coordinates of the intersecting points of 
their two curves as shown in the following figures: 
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Solution set = {a} 
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Solution set = (a,x[ 




Solution set = {a, b} 


Solve the equation : I a x - bl = c 


Example 

1 Solve the equation: It - 31 = 5 graphically and algebraically. 
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o Solution 

Let)U) = \x - 31 , g(*) = 5 

1 ) Graph curve of the function / : fix) = It -31 
by translating the curve offlx) = I x I 3 units 
in the direction of O X 

2 ) On the same figure, graph g(.r) = 5 where 
g is constant function represented by line 
parallel to x axis and passing through point 
( 0 , 5 ) 
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V the two curves intersect at two points ( -2, 5) and (8, 5) 
then the solution set of the equation = {-2 , 8} 


Algebraic solution: 

From the definition of the modulus function: fix) 


when x > 3 
when x< 3 


when x>3: jc- 3 = 5 then: jr = 8 6 |3 , ®| 
when jc < 3 : -* + 3 = 5 then: * = -2 6 ) - » , 3| 

then the solution set is : { - 2 , 8} . This is coincident with the graphical solution. 

Q Try to solvo 

,0 Solve each of the following equations graphically and algebraically. 

(a Id - 4 = 0 (b Ld + 1 = 0 ( c) \x-l I = 5 

Properties of the Absolute Value 

Learn 

1 ) la bl = lal x Ibl for example: 

12 x - 31 = I - 61 = 6 , 121 x I - 31 = 2 x 3 = 6 

2) la + bl < lal + Ibl 

The equality holds if a , b have the same sign: 

14 + 51 = 141 + 151 = 9 , | . 4 - 51 = I - 41 + I - 51 = 9 

Note: 

1 ) If: Ld = a then : x =a or * = -a for all a e R + 

2) If: lal = Ibl if either : a = b or a = -b for all a , b e R 

3 ) Id 2 3 = Lr 2 ! = jr 2 
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Solve the equation lax + bl = cx + d 


Example 

2 Solve the equation : 12 x - 31 = x + 3 graphically and algebraically. 


o Solution 

let J[x ) = I2t -31 , g(.t) = x + 3 

Graphical solution: 

/:/<*) = I2t- 31 = I2(*- 2 )| 

.'.fix) = 2 Ur - || 

The curve of / is the same curve of 2Ld by 
horizontal translation of a magnitude of 2 
units in the direction of O X 

g: g(x> = x + 3 represented by a straight 
line whose slope =1 and passes through the 
point (0. 3) 

v intersection points are (0 , 3) and (6, 9) 
Then the solution set is : {0 , 6} 



The algebraic solution: 

2* - 3 
I2t 


r l x - j 

-31= ] 

l -2* + 


when x > -2- 


when 
3 when 
2x - 3 = x + 3 


x > 
x< 


when x < -2- 


- 2x + 3 = Jr + 3 
the solution set = {0 , 6} 


2 

2 

2 

2 


then x = 6 € | — , « | 
then Jt = 0e | - » , -2- 1 


Q Try to solvo 

( 2 ) Solve each of the following equations graphically and algebraically. 

(a ) I2r + 41 = I -x (b) I2t + 51 = jr-4 c Ur-3l = 3-jc 


Solve the equation: la x + bl = Ic x + dl 

% Example 

3 Solve the equation Ur - 31 = I2r + II graphically. 
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o- Solution 

let /(x) = Ur - 31 , g(x) = I2x + II 
the curve of f: is same curve of Url by translation 
of a magnitude of 3 units in the direction of 
OX g : g(x) = 2 U + -J I 

the curve of g is same curve of 2Ld by horizontal 

translation of a magnitude of in O X' , the 

two curves of the functions / and g intersect at 

( -4. 7) and (y 

the solution set = { -4 , y } 



Q Try to »olvo 

3^ Solve each of the following equations graphically. 

(a Ix + 7l = l2x + 3l (b I jc — 21 + I x- II = zero 




Example 



Find the solution set for each algebrically : 
(a) lx + 71 = Ur - 51 


(b Jx 2 + (u + V = 9 - 2 x 


Solution 

(• I V Ur + 71 = Ur -51 ,\x + 7 = ± (x- 5) 

.\x + 7=x-5 7=- 5 (refused). 

orx + 7 = -x + 5 i.e: lx - - 2 

.*. x = - I i.e solution set = { - 1 } 

satisfy: 

By substituting x = - 1 in the two sides, we find that: 

the right side = left side = 6 i.e. the solution set = { - 1 } 


Remember ( 9 


if a. beR 
la! = Ibl 
then: a = ± h 


Solve the equation above by squaring its two sides, then check your solution. 


b I v J x 2 - 6x + 9 = 9 - lx 

J (x- 3) 2 = 9 - lx then: Ur - 31 = 9 - 2x 

First: when x > 3 then : x - 3 = 9 - lx 
3x - 12 then: x = 4e |3 , * | 

Second : when x < 3 then : x - 3 = - 9 + 2x 


Rrmembn 


(9 


for any m»l number a: 

/a* =lal 


x = 6 then: x = 6 € | , 3 | 

Solution set = (4} 
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Think: 1 ) Can you use other methods to solve this equation? Explain. 

Q Try to solvo 

, 4 ) Find the solution set of each of the following equations algebraically: 

(a I Lr - II - 2 12-jd = 0 b ^_ 4 , + 4 =4 

Life applications on solving equations 
^ Exnmplo planning cities 

A piece of land is included between the two curves of the two functions / and g where : 
fix) = Lr-31 -2 and g(x)= 3 . Calculate its area in square units. If the unit length is 8 m. find 
the area of this land in square meters. 

Solution 

By graphing the curve of /and g graphically, we find 
that they intersect at A (-2, 3) and B ( 8 , 3). The land 
will be in the form of a right angled triangle ABC at C 
where: 

AB= 8-(-2)=IO units 
CD = 3 - (-2) = 5 units 

area A B A C = i ABxCD 

= 7 x 10 x 5 = 25 square units 
Area of land = 25 (8 x 8 ) = 1 600 square meters. 

Q Try to solvo 

' 5 ) Find in square unit the area included between the two curves of the two functions / and g 
where: fix) = Lc-21 - 1 and g(.t)=5-Lr-2l 



^ p oac | s ne ts 

( 6 Two roads, the first one is represented by the function / where fix) = Ur-51, and the second 
represented is by the function g where #(.*) = 5 - ^ If the two roads intersect at points A 
and B. find the distance between A and B to the nearest kilometer the length unit represents 
a distance of 5 km. 

Solution 

2 

The two roads intersect when fix)= g{ x) , then Lr-51 = 5 - jc = y 

2 

jc - 5 = 5 - yjr then jc = 6 ,y=l A = (6.l) 

orjr-5 = yjr-5 then x = 0,y = 5 .\ B = (0.5) 

A B = U.0MI-5? = J52 =2/13 
*.* the length unit represents 5 km 

the distance between A and B = 5 x 2 /T5 =IOvT5 21 36 km 
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Activity 

Notice: If a light ray falls on a reflective surface whose 
pathway is subjected to the modulus function . The 
measurement of incidence angle equals the measurement 
of reflection angle. 



In addition , the pathway of the 
billiard ball before and after colliding 
it against the table edge. 

The figure opposite illustrates that 
the billiard player kicks the black 
ball considering ox and oy the 
two perpendicular coordinates and the 
ball's pathway follows the curve of the 
function / where: f(x) = ^ U - 51. Does 
the black ball fall in pocket B? Explain 
mathematically. 


Y 



8 units 


Q Try to solvo 

6 In the previous example, check the points of intersection by solving the two equations 
graphically. 


Solving the Inequalities 

You have previously learned that the inequality is a mathematical phrase containing one of the 
symbols: (< , > , < , >). The solution of the inequality is to find the value (s) of the variable 
which make the inequality true. 

Solving inequalities graphically 

The opposite figure shows the curves of the two 
functions / and g where : 

y , =f(x ) . y, = g(Jtj and the solution set of the equation 
/(*) = g( t) is { a . b} 

then: y , = y 2 when x = a or jt = b 
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we notice: y, < y 2 which / (jt) < g(.r) when Jt€ | a , b| 

y, > y ; which/(jr) > g(jt) when x e | • » , a| U| b , »| 




Example 




Try to solve 

(7 Find the solution set of the following inequalities using the graphs in example (7): 
a}u + 2l<2 b) 12 jt + 61 < 4 c)u-2l>3 



Solving inequalities algebraically 


Learn 


first: if I Jt I < a , a > 0 then -a < x < a 
second: if I Jt I > a , a > 0 then j(>a or t < -a 

Example 

8 Find the solution set of each of the following inequalities in form of 
an interval: 

( a ) It - 31 < 4 b J jt 2 - 2t + 1 > 4 

1 



I2jc - 3f ^ 2 

o- Solution 

( * ) V Ur - 31 < 4 then -4 <jt-3<4 
.-.-4 + 3 <Jt-3 + 3 <4 + 3 
The solution set = | - I , 7| 


adding 3 to inquality 
then: - I < jr < 7 


Remember (<? 


for all a ♦ b , e 

if a < b , b < c 

then a < c 

if a < b then 

a>c<h*fc 

a c < b c when c > 0 

a c > b c w hen c < 0 

if a , b are positive 

numbers , 

a < b then — > ■— 
a b 
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b) 


C 


.* J (x- l) 2 = lx-ll then: lx- 11^4 

\ x - 1 > 4 i.e x > 5 or x - 1 < - 4 then x < - 3 

x € R - 1 - 3 , 5| .’.The solution set = | - » , - 3| U |5 , oc| 


1 


I2x - 31 


>2 


by taking off the multiplicative inverse of both sides 


*. I2x - 31 < -j , x # -j 

\ - ■y + 3<2x-3 + 3<y + 3 

• ~ ^ 2x ^ — 

‘ 2 2 

• i. < x < 2 

• 4 ** *** 4 


by adding 3 to inequality 


by dividing by 2 

solution set is [ , — ] - {4) 



Try to sol vo 

8 Find the solution set of each of the following inequalities in form of an interval: 


(■) Ur-71 < II 


b I3x + 7I<8 c) J x 2 -6x + 9 2*8 ( d )-r4r>5 


I3jd 


^ Exampl* (Ljf e application on solving inequality) 

9 One of the natural gas companies allows employing a counter reader. If his length ranges 
between 178 cm and 192 cm . Express all possible lengths for the persons applying to join 
this job using the absolute value inequality. 

O Solution 

Let the length of a person is x cm 
where 178 < x< 192, adding (*185) 
to both sides 

178 - 185 < jc - 185 < 192 • 185 

-7 < x - 185 < 7 i.c 




Try to solvo 

30 Write the absolute value inequality which expresses : 

a Student's mark in an exam ranges between 60 and 100. 

b The temperature measured by a thermometer ranges between 35*C , 42*C 
c ) The Green algae found in Ocean reaches 30 meters deep. 

Critical thinking; Write in the form of an absolute value inequality: 

(a) -4< x< 4 b 0 < x < 6 

(c x > 2 or x < -2 d xeR-I-2,6) 
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^ Exercise <1_- 5) 

Find the solution set of each of the following equations algebraically: 

CO I x - 2 1 * 3 ® I 3 - 2 x I = 7 CO I x + 2 I = 3 x - 10 

CO lx + 2l+jr-2=0 ®jc + UI = 2 » ljr-2l = 3jr-4 

( 7 ) I*- 1 l = *-2 8y I2x - 61 = Ur - 31 CO Jx*-*x + 9 +2*-9 

Find the solution set of each of the follow ing equations graphically: 

$$ljr-3l = 7 \x + 2\+x-2 = 0 Ijc-2I = 3jc-4 

® I2jc-4I«Ijc+ 1 1 $^IxI+jc = 0 l* + 2l = I jc - 3 I 

Find the solution set of each of the follow ing inequalities graphically : 

^ I jc- 1 I < 2 ©lx-2l<3 $$l 5-*l>3 

C$I2jc- 3I>7 ®l jt + 3I>-1 ^l)l2.r-5l>2 


Find the solution set of each of the follow ing inequalities algebraically : 


@ 1 jr-3l< 15 

$$ 1 3 x - 2 1 < 4 

$$ 1 3 x - 7 1 > 2 

$$ 1 3.r + 2 1 + 5 < 4 

^ Jx 2 - lr + 1 ^4 

© U.X 2 - 12* + 9 <9 

® \2x - 31 + 16 - 4.rl < 12 

® B, 1 . 5, > 3 

A * > 2 

lit - 31 

3V Mechanics: 


D 


A body travels in a uniform velocity of magnitude 8 cm/sec 
from position A to position C passing through B without 
stopping. If the distance between the body and position B is 
given by S(t) = 8 15 - tl where t is the time in seconds and S is 
the distance in cm. calculate. 

( a The distance between the body and position B after 
2 seconds and 8 seconds . what do you notice ? Explain. 

b When the body became at a distance 1 6 cm from position 
B? Explain. 

c When the body became at distance less than 8 cm from position B? 
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Unit summary 

1 The function : is a relation between two non-null sets X and Y so that each element in * 
has one and only one element of Y and the function is symbolically written in the form 

/ : X ► Y. The function is determined by the three elements; the domain , co-domain and 

the rule of the function. 

The function /is called a real function if each of its domain and co-domain are the set of the 
real numbers or a subset of it. 

2 The vertical line test : If a relation is represented by a set of points in a orthogonal coordinate 
plane and the vertical line intersects its graphical representation at each element of the 
domain elements at one point only, then the relation represents a function. 

3 Piecewise- defined function : is a real function in which each subset of its domain has a 
different definition rule. 


4 Operations of functions: if /, and f 2 are two functions whose domains are D, and I>, : 

► (/, ±/ 2 )(x) =/, (x) ±f 2 (x) , domain if x ±/ 2 ) is D,IT D 2 


► (/, / 2 ) (x) =/, (or). f 2 (x) 


domain (f r f 2 ) is D,D D, 


> (^J-) (x) = where / 2 (jr) 0 domain (4) is (D,n D 2 ) - Z (f 2 ) 

J2 /jW J2 

where Z (/,) is the set of zeros of f 2 

5 Composition of functions: if the range of the function / is a subset of the domain of the 
function g, we can compose the function z from the two functions f and g where z = g'f and 
read as g composite / and z{x) = ( g» f) (x) = j?l/(.r)| 

6 Even and odd function: 

F is e»en: / X — * Y and J{-x) = J(x) for all x , -xeX. 


F is odd: /: X » Y andyj-jr) = -J[x) for all x, -xeX. 

7 The one-to -one : the function f. X ► Y is said to be one-to one : 

if a , b e X ,J[ a) =/lb) then a = b or for all a # b then fla) #/b) 

8 The horizontal line test: if/: X * Y, then /is one-to one- if the horizontal line (parallel 

to x-axis) intersects the curve of the function at one point. 

9 Monotony of function : the function / is increasing in the interval |a . b| if each of 
x x and .r 2 6 |a , b| and jt 2 > then./U 2 ) >fl.x x ): 

The function /is decreasing in the interval |a . b| if each of jt, , jc 2 € |a , b| when x 2 > jr, . 
then/(j; 2 ) </(x,) 

and the function is constant in the interval |a , b| if each jr, , x 2 € |a , b| and .r 2 > .r, , then 
/(x 2 ) = /(*,) 
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1 0 Linear function: the simplest form: /fa ) -x is represented by a straight line passes through (0 , 0) 


1 1 The quadratil function: the simplest form ./fa) = x : is represented by a curve of vertex (0. 0) 
and the equation of line symmetry x = 0 

12 The cubic function : the simplest form /fa) = x' , curve with point of symmetry (0, 0) 


13 The absolute value function: 

Simplest form /fa) = Id. defined as :/fa) = 


- " 
l ~x. 


* <0 


is represented by two rays starting from (0. 0) and their slopes = I and = - I 


and ld> 0 , I-jH = Id , v r ?~ = Id 


14 The rational function: simplest form /fa) = — , and the symmetrical point of its two curves is 
(0, 0) 

1 5 Geometrical transformations of the function / where y = /fa) and a > 0 are determined as 
follows : 

> If y = /fa) + a it is represented by translating the curve of /in the positive direction of 

y-axis in a magnitude of a 

> If y = /fa) - a it is represented by translating the curve of /in the negative direction of 

y-axis in a magnitude of a 

> If y s /fa a) it is represented by translating the curve of /in the negative direction of 

x-axis in a magnitude of a 

> If y s / (jc - a) it is represented by translating the curve of /in the positive direction of 

x-axis in a magnitude of a. 

> If y =-/fa) it is represented by reflection of the curve of /in x-axis. 

> If y = a /fa) it is represented by the stretching the two vertices of the curve /if a > 1 

and by shrinking the two vertices of the curve if 0 < a< I. 


16 Properties of absolute value of number: 

(•) I a bl = lal x Ibl 

(c if Id < a , a > 0 then: -a < x < a 
6 if Id > a , a > 0 then: x > a or x < - a 


b I a + b I <\ al + Ibl 
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General exercises 

® In each of the following figures : 

first: find the range of the function second: determine the one-to -one function 

third: discuss the monotony of the function. 

b c 
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Find the domain for each of the functions defined by the following rules: 



(a /,(*) = 2r’ + jt + 3 

d f 4 ( x) = Sx~T 


b f( x ) = —ll 


x*-2x-3 


c / 3 (Jf) = 7 

jr + I 


e f s (x) = __1 


1 m = 


i 


4 - 4.r + 4 


V jr + 2 

Use the graph of the function / where y = x to represent each of the following functions graphically: 


8 I /?,(*) = 4 +4T 


b I g 2 (x) = X - 1 


( C ) g 3 (x) = x + ^ 


then , prove that each of the functions /, and /, is one-to-one function and discuss its monotony. 

4 Use the graph of the function / whereat) = Lt) to represent each of the following functions 
graphically: 

(*0 g(x) = Lr- II (b) g(jr) = 2-UI ( c ) *<.*) = Ur + 21 - 3 

then discuss the monotony of each. 

(i) Use the graph of the function / where /ft) = x 2 to represent each of the following functions 
graphically: 

( a g t (x)*J?-3 C b g 2 (x) = 2-x 2 ( c ) g} (x) = (x - 2) 2 + 1 


then find the equation of the axis of symmetry of each. 


Student book - first term 


59 


General exercises 


I 


6 Use the graph of the function / where fix) = x 1 to represent each of the following functions 
graphically: 

( a) /,(.*) = (* + 3)* b )/ 2 (x) = - (x- l) 3 c ffix) = (x - 1 ) 3 - 2 

d / 5 (Jt) = (jr+ I) 5 -2 

(j , Use the graph of the function / where fix) = — . x # 0 to represent each of the following 
functions graphically: 

( a >/,W = 7 fr b ^2 (jr) = 7T2 c /3< Jf )*T + 2 

( d > f 4 (x) = I - -J- ( e ) / 5 (jr) = 0 ) f 6 (x) = 

* X X m X 

8 Find the solution set of each of the following equations and inequalities graphically and 
check your answer algebraically. 

(a)l2x- 11-3 = 0 b) l3x-2l + 2x-3 = 0 I c) lx + 21 = Lx- 31 

(<0U + 3I<I «)l3x-2l>6 t Ax 2 - 12x + 9 >5 

9 Geometry: Find the surface area included between the two curves of / and g where: 

(«C/U) = Ur + 3l + 2 . *(x) = 4 

(b fix) = lx- 31 - 1 . g(x) = 3 - lx - 31 

10 A dairy factory produces cans of weight x gram. To control the production quality, the cans 
pass on the production control weight line which allows the cans to pass if lx - 16001 < IS. 
Determine the heaviest and the lightest cans that can be sold from the production of that factory. 

^1 The opposite figure shows the curve of the function f where: 
fix) = lx - 161 - 12 
Write a suitable scale of o X and 0 y 
Find the Solution set of the equation fix) = 6 graphically 



Creative thinking: 

Graph in the same figure the functions / and g where /(x) = x 2 ld , g(.x) = 2-1x1 and from the 
graph, find the solution set of the equation f(x) = g(x) 


Prove that the function / where fix) = 
of the equation fix ) = 2 algebraically. 


12 

Iti + 2 


is an even function, then find the solution set 
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Accumulative test 



® If some geometric transformations are applied on the function /, g and h where fix) = x 2 , 
g(.r) = x 3 and h(.r) = — to get the functions represented by the following figures. Complete: 
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Fig (1) Fig (2) Fig (3) 


• I The rule of the function in Fig ( I ) is b The rule of the function in Fig (2) is 

c I The rule of the function in Fig (3) is The function is not one -to-one in Fig 

e I The range of the function in Fig ( I ) is (JL) The range is R in Fig. 

9 point of symmetry of the function in Fig (3) is 

h Equation of symmetry line of the function in Fig ( I ) is 

( 2 ) Find the domain of each of the functions defined as follows: 

a /i ( *>= j * C b )/ 2 (jc) = VxTT <c )/(*> = —2= 

Jr - 3 jc - 10 Vx-3 

( 3 ) If/U) = — , x = 0 . g(x) = 2x find each of: 

{f + gX*) . if. gX*) . (^-) (*) then find the value 

tfx-n 

4y Draw the graph of (jc) = Lr - 31 + I and from the graph 
set of the equation fix) = 4 

( 5 ) Find the solution set of each of: 

(a Lc + 21 = 3 jt- 10 (b)w-2-jr = 0 ( c ) 13 - 2x1 > 5 

6 Prove that/.c) = 1a1 - 4 ' - L is an even the draw the graph of /find graphically and algebrically 
the solution set of /.t) = 2x - 2, verify the results. 

Mechanics: A rocket was projected vertically upwards with a velocity of 98 m/sec from the 
surface of the ground. If the relation between its height(s) in meter and the time (t)in second is 
given by the relation s = 98t - 4.9t*. Show that this function is not one-to-one then find: 
a The height of the rocket from the surface of the ground after two seconds from the 
moment of projection. 

b I The time taken by the rocket to reach a height of 470.4 m above the ground. 


of each of (f + g) (I) , if. g) (2) , 
check its monotony then find solution 
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Unit introduction 

The concept of logarithm was introduced to mathematics at the beginning of the^eventeenth century 
on hand of the scientist Jhon Nabeer as away to simplify calculations . So the navigations, scientists # 
engineers and the others can easily satisfy their calculations using the tables of logarithms , calculator 
ruler . they also get use of properties of logarithms to transform the multiplication operations to addition 
using the property according to the formula log a (xy ) = log a x 4 - log u y , and thanks to the scientist Leonhard 
Kuler in the eighteenth century to join the concept of the logarithm w ith the concept of the exponential 
function so the concept of logarithms was enlarged ,and connected w ith functions . The logarithmic 
measure was wildly used in many fields as for example the decibel is a logarithmic unit used to measure 
the sound intensity , the volt ratio , also the hydrogenous power is ( logarithmic measure ) used in 
chemistry to determine the acidic of certain solution . 


Unit objectives 

By the end of this unit , the student should be able to: 

$ Recognize the exponential function t x t a* where 
a€ 

Recognize the graphical representation of the exponential 
function and deduce its properties. 

& recognize the laws of rational exponents. 

❖ Solve exponential equations at the form a* • b. 

# Solve applications used exponential equation, a* • b. 

Recognize the logarithmic function y - log x or 
fix ) - log x where a € R* - { I }, x 6 R\ * 

Converting from exponential form to logarithmic form and 
vice versa. 

Recognize the inverse function and the condition of 
existence (horizontal line test). 

recognize the graphical representation of the inverse 
function as an image of the curve of the function under 
reflection in the straight line y - x Like the graphical 
representation of the logarithmic function in a bounded 
interval as inverse function of the exponential function 
and deduce its properties. 

* recognize the relation between the exponential function 
and logarithmic function graphically. 


$ recognize some logarithms laws: 

1°8* <xy>- ♦ i°g,y* x > 0 , y > 0 

log, > " log.* - log.y. X > o. y > o 

w 

log a x n - n log i x. x > 0, a € R # - { 1 }. n € R 
*°g. <7> “ a € R * - 1 1 ) 

k ^ x "li|jL X>0,a ' beR 

lo k b 'T5g^ a, beR*- { 1 } 

l°8a a • 1 a€ R # - { i } 

lug, i-o aeR*-{i} 

Solve logarithmic equations. 

Solve problems by using the logarithms laws. 

Use the scientific calculator to find logarithms . 

Use the scientific calculator to solve some exponential 
equations by using logarithms. 
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Lessons of the unit 


Chart of the unit 


Lesson (2 
Lesson (2 


1 ) : Rational exponents. 

2) : The exponential function 

and its applications. 

Lesson (2 - 3): The exponential 

Equations. 

4) : The inverse function. 

5) : The logarithmic function 

and its graph. 

Lesson (2-6): Some logarithms 

properties. 


Lesson (2 
Lesson (2 


Materials 

graph paper - scientific calculator 
computer - graphic programs 


Gtntr»liz»tion of exponent!* I laws 


Graphing of the exponential function 
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Unit Two 





Rational Exponents / 



We will learn 

> Genef alization of the 
laws of the exponents. 

> The n th root 

> The laws of the rational 
exponents 


■« Key -term 

► The n ,h Power 

► Base 

► Exponent 

► n* Root 

► Rational Exponent 



Matrials 


> Scientific ca. 

> Excel program 



Introduction 


j 


You have studied before the square roots of a real non-negative number 
and some properties of the square roots and the cubic roots. Also you've 
studied the integer exponents and some of its properties. In this lesson 
we will study the rational exponents. 


© 


Revision 


Integer exponent 

1 ) for every asR.n^Z^ then: 

a n = axa*a* x a (a multiply by it self n times) 

(a") is the n lh power of a , a is the base. n the exponent 
we say a raised to power n. 



2 ) 


.0 _ 


= 1 
1 


for every a e R - {0} 


J) a' -J, 


a" = — 
a n 


a ^ 0 


Properties of integer exponents: 

If m. n e Z , a, beR - {0) then: 


a m x a n = a m * " 


a m 

_ „ m - n 

a" " a 
m\n _ o mn 


(ab) n = a" b n 
/JL\n _ a|[ 

1 b f ~ b n 


( a" 1 ) = a 


% Example 

1 prove that 

O* Solution 


g 4n 4-1 x 4 2 • 2n 

3 9n+l x 48 ' 


= 1 


R.H.S 


_ (3 2 ) •*“ x(2 2 ) 2-2 " _ ( 3 )«n »2 x 2 


4 - 4n 


3 9 "* 1 x(2*x3)'* n 3 9 "*'x2M 

_ ^8n +2-9n-l-l+n x 2**-4«i-44>4n 

= 3° X 2° = I X | (L.H.S) 


x 3 


I * n 
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2-1 




X 



Try to solve 


X Put in the simplest form: 

Example 


(27)' 3 x(I2) 2 

16x(8l)' 2 


.. 1 25 x ( 1 5)" • 1 x (25 ) m + " 5 

2 Prove that: — /evn . ^ = jj 

(75> n x(5)"^ 2n, 9 


o Solution 

L.H.S. 


_ S^xQxSr ^xCS 2 ) 1 "^" 

(3 X 5 2 )" x (5)"'*’ 2,n 

_ (5^x(3)"' 2 x(5)"~ 2 x(5) 21 "* 2 " 

" (3y x (S) 2 " x (5)"* 2 " 1 

= (5 ) * n * * ♦ 2m ♦ 2 n - 2n • n - m x ^ j2\ n • 2 • n 

= (5) 1 x 3 2 = 4 = - (R.H.S) 



Try to solve 


(2) Prove that: - {i 


2 x 3 + 1 - 3 In 

Critical thinking: 

a) If a € R , n is an odd integer. Determine the correct statement from the following: 


(a) a" > 0 


(b) a" < 0 


(c) a" > 0 


(d) a" * 1 < 0 


b) Ifae R -{0}, n is an even integer . Determine the correct statement from the following: 


la) a n > 0 


(b) a" < 0 


(c) a" •' = 0 


(d> a" < 0 


The n th root 

You've studied: 

The equation x 2 = 9 has only two real roots SV = 3 and - /V = -3 

Notice that 3 : = 9 , (-3) 2 = 9 

and the equation x 3 = 8 has only one real root 

yiT = 2 (The other roots are complex numbers and not real ) 


A 


NOllff* 


o 


For anv real 

w 

number 

'^a T ■ lal 


(2) J = 8 


In general: 

the equation .r" = a such that aeR, n e Z* has n roots. We discuvs the following cases: 


1 ) If n is an even number and a > 0 

then the equation jr* = a has two real roots one is positive and the other is negative (the other 
roots are complex numbers and not real) and we express these two roots as V~a~ , - V~a\ and 
the n th root of the same sign of a is called the principle n lh roots of a. 
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i.e.: the equation X* = 16 has two teal roots ^16 = 2 , - ^16 = -2 

(And the other roots are complex not real). 

Notice that (2) 4 = 16 , (-2) 4 = 16 


2) If n is an even number and a is negative , a < 0 

the equation .t" = a has no real roots (all its roots are complex and not real), 
i.e.: the equation x 2 = -9 has no real roots (all its roots are complex and not real). 

3) If n is an odd number , a e R- {0} 

then the equation V = a has only one real root W (and the other roots are complex numbers) 
i.e.: the equation .r 5 = -32 has only one real root ^-32 = -2 (notice that (-2) 5 = -32) 

4) If n e Z + , a = 0 

then the equation .t" = 0 has only one solution which is x = 0 (The equation has n of the 
repeated roots and each one of it = 0 at n > I ). 

Q Try to solvo 

(3) Find in R the solution set of each of the following equations: 

(a)* 4 = 81 b x> = 243 c r» = - |6 d) jr , = -64 

Critical thinking; Explain using a numerical example the difference between the sixth root of a and v r a~ 



The Rational Exponents 

We know that the square root of the non-negative real number a is the number whose square is 
a and if a m represents the principle square roots of a 

(a m ) 2 = a .'. a 2m = a then 2 m = I m * i 


4 : 


w hich means that a* is the principle square root of a Thus /T = a 




Similarly a^ is the principle cubic root of a Thus Va" = a ' in general (/IT = a 



1 ) ( I ) For any real number a > 0. n € Z* - { I } then a" = V~a" 
this statement is also true at a < 0 , n odd integer number more than I 


m 

n 


2) a n = ( */~J - ) m = V a m where a € R. m. n integer numbers with no common factor 
between them n> I, € R 
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Generalization of exponents rules 

Rational exponents has the same rules of integer exponents 

Example 

3 Find each of the following (if possible) in K. 

(§3(16)1 (b -(27)1 

(d)(- 9 )i (e 16 $ 


(c (-243)1 
( f : (27)1 


b -(27)1 =- ^27 = -3 

( d )(-9) - = /^9 e R Note VT= 3i 

1 (27)1 - -ij - (_J_> 4 = dx = _L 


27 ? YlT 



O Solution 

(a) (16)J = yT6 =2 
c ) (- 243 )$ = $^243 = -3 

®) 16* =(/l6)’ = 4 , = 64 

Try to solve 

4 Find (if possible) the value of each of: 

a (125)1 (b (-81)1 

Give reason? 

The number (- 8 )' is defined in R. V"T= -2 e R , but the number (VTT ) 2 is undefined in R 
Properties of n th Roots 

1) V ab = Va" x VT 


c ( 128 )^ 


(d -(343)1 


, b ^ 0 such that V* , V”b” e R 


Example 

4 Find in the simplest form each of: 


A 


Notice 


o 


( a j - V 8a 6 b 9 


b V 16 x 4 y* 


vir 


lal if n is even 
a if n is odd 


o Solution 

a - 3 J 8 a 6 b 9 = - 'V 8 x ^ a * x = -2 a 2 b 3 


b ) V 1 6x 4 y* = V 16 xV x 4 x if~* = 2 Ixl y 
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Try to solve 


00 Find in the simplest form each of: 

( a ) 16 a 1 * b ^(x + 2y) 18 

% Example 

5 Find in the simplest form each of 
a ) (18)* x (12)* x 

O Solution 

a The expression 


(24) 


(b 


3$ 


x (147) 


k 


(63) 


* 


= (2 x 3 2 )'5 x (3 x 2 2 )L (3 x 2 3 ) I =2 - x3 ^ x 3- x2 x3 -x2 - 


•I +6*3 -2 + 3-1 2 t\ 

= 2 2 X 3 2 = 2 2x3° = 2x|=2 



b The expression = 


3^x (3 x 7 2 )& 3^x 38x 73 

(3 2 x 7)1 3 L 7 I 

3 * *i' I x 7 * ' I = 3 ° x 7 ° = 1 x 1 = 1 



Try to solve 


(t) Prove that: 

,) (343) 2t jx(4> v * 1 
(I%) v, x4 


.1 

7 


b I25x Vtf xlO j = 
4 i x J 6* 3 x 15 2 


Solving exponential equations in R 


% Example 


6 Find in R the solution set of each of the following equations: 

b ) (2x + 3)3 >81 

= 6 


A 


NOlItT 


O 


( a jfJ = 128 
{ c or* - 10 jr^ + 9 = 0 


m 

ifjr» 


n 


JT - 


O Solution 


( a ) jr 2 = 


128 


jr = (128)7 
x = 2 2 = 4 

b (It + 3)^ = 81 


Jr = (2 7 )’ 

•\ solution set = { 4} 


Then x = a m 

m is an odd number 

m 

Ifx" = a 

£ 

Then x = ± a m 
n Is an even number 
And m, n hasn't 
common factor 


((lx + 3) *)* = (3 4 ) 3 raise both sides to the power 3 
(lx + 3) 4 = 3 12 

2x + 3 = ±(3 l2 )4 2.r + 3 = ± 3 3 
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% 


Either 2 * + 3 = 27 

Or 2 * + 3 = -27 2 * = -30 

solution set = { 12, -15} 

c * > - 13 **' +36 = 0 

( x *- 9) ( x * • 4) = 0 

2 2 
either r 5 -9 = 0 or **-4 = 0 

*3 = 3 2 ** = 2 2 

* = ± (3 2 )$ * =± (2 2 )^ 

* = ±27 * = ± 8 

solution set = {27, -27. 8,-8} 


2 * = 24 .'.*=12 

* = -15 


<«) 


*31 y r 
**-31**-32 = 0 


-32 = 0 


(*l-32)(*£ + I) 

5 

either * * - 32 = 0 

** = 2 5 
* = ( 2 5 )* 

* = 64 

solution set = {64} 


= 0 


or* 


* + I =0 


*s = -| refused 


Q Try to solve 

0 Find in R the solution set of each of 

(a *3 = 81 (b) (*+ 1 )T = 32 T c) V^T - 3 = 4 


Exercises 2 - 1 

CO Simplify /8 6 *4- l 3 ; 2 j 

0 Show when the relation V ab = VT * vHT is true for all real values of a. b?. 

0 Complete each if the following: 

2 

a (8) 1 in the simplest form b (6~) 2 in the simplest form 

(3-jr)’ 1 in the simplest form .... 

i 

e I (5 2 - 3 2 )- in the simplest form 

4 Choose the correct answer from those given: 


a If 5* = 2 then 25* = (10 , 625 , 4 , 2) 

(b I (2 7 + 2 5 )'7 = (2 , -2 , i , -i) 

c If * 2 = 64 then * = (512, 16, 4, 2) 

(d I Which of the given is not equal to (V**) ((V*) 4 , Y& . ** , (** ) 4 ) 

(e If 4 ** = 128 then * = (4, ±2, 2, -2) 
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* The real roots of the equation (x - 2) 4 = 16 are 
9 If 3 a = 4 b then 9 + 16 » = 






({0}. {4}. {8}. {0.4}) 
(7. 12. 20. 25) 


's' Find the error: 

(а) -9 = (-9 )5 =y^2 = /8f = 9 

( б ) If .x 4 s 81 then 


x = V&i 


x = 3 


3V 1 

(» Geometry: If the length of the radius (r) of the sphere is given by the relation r = ( — ) * . 

4/r 

where (V) is the volume of the sphere find the increase in the radius length when the volume 
changes from -^ 71 to 36 71 cubic units. 

( 7 ) Find the solution set of each of following equations: 

(e) V(7I)5"=32 d (x 2 - 5* + 9) 1 = 243 

( • ) x 5 - 5 jt* + 4 = 0 f ) x + 15 = 8 /*"’ 


9 W - 25Vx" - 54 = 0 


8 If x z = 3y J = 27 find the value of x + y 


( h (2r - I ) 4 = (jr + 3) 4 * * 


'9y Creative thinking; Choose the correct answer 

( » ) If x < 0 then: -J7~ - - Jj? - lr + I +1 = 




(x , -x , zero . - 1) 


then which of the following is rational 


(a 12 . a'°. a ,B . a**) 


16 « 18 n 24\ 



Activity 


Use the calculator to evaluate the following (Approximating the answer to two decimals) 


<*)^F 

b ) (23)* 1 + (0.01)* 5 
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and its Applica ti ons 


Unit Two 






Bacteria cells multiply by direct division to two cells during a limited 
period of time then the two cells divide into four cells, then the four 
cells divide into eight cells and cell division continues that way through 
the same period of time and in the same circumstances. 

The following table shows the time thut bacteria cells divide per 
hour and the number of the producing cells. 

i 

6 
64 

Hi I I I I I I 

1 ) Complete the table. 

2 ) Express the number of cells in the exponential form with base 2 in 
each division. 

3 ) Find the expected number of cells after 8 hours. 

4 ) Express in the exponential form the number of cells after* hours. 


l ime in hour 

0 

i 

2 

3 

4 

5 

No. of cells 

i 

2 

4 






Exponential Function 


The function / such thaty(*) = a* , a > 0 . a / I , *eRis called 
exponential function. 



Example: 

Ax) = V 
Ax) = 5**' 
Ax) = (j) 1 ' 


its base (2) and its power (*). 
its base (S) and its power (*+l ). 
its base (-^) and its power (2.v) 



Try to solve 

(l) Determine which of the following is an exponential function, 
(a /(*) = * 2 b)j{ x ) = (2r 

c ^ V) = J+T d ) Ax) = x 3 - 1 

(• Ax) = $ x ' 1 (0jW«<-2)* 


We will learn 


* The Exponential 
function 

* The graphical 
representation of the 
exponential function 

* Properties of the 
exponential function 



Key - term 




* Exponential Function 
► Exponential Growth 

* Exponential Decay 


Matrials 


* Scientific cal. 

» Computer program for 
graph . 


Remember ihai( 9 


The algehrail 
function: 

the independent 
variable ( \ > is 
the base and the 
exponent t is a real 
number** 

The exponential 
function: 

The independent 
variable (x) Is the 
exponent and the 
base is a positive 
real number doesn’t 
equal to one. 
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Graphical Representation of Exponential Function 

Draw the graph of each of the two function fix) - 2\ g(.r) = (^) * where x € | -3 , 3] 



1 ) The domain of / Or) = a' is R and its range is |0.oc | 

2) If a > 1 then the function is increasing on its domain and named by exponential growth 


if 0 < a < 1 then the function is decreasing on its. domain and it is named by exponential decay. 

3) The curve of / (.v) = a r passes through the point (0. I ) for all a > 0, a # I 

4) fix) = a* is One - to - One function 

5) The curve of the function fix) - a' is image of the curve fix) - (— >' by reflection in y-axis 

a 

6 ) a* » oo when x — * * if a > I 

a* * 0 when x * oo if 0 < a < I 


Q Try to solve 

( 2 ) In the opposite figure /is defined on R , Such that/(x) = (3)*. 
Draw on the same figure the curve of the function g which is 
defined on R . such that g(x) = (|)\ then find the domain and 
the range of each function, also determine which function is 
increasing and which is decreasing and state the reason. 

( 3 ) Critical Thinking; If fix) = a' where 0 < a < I arrange the 
following in a ascending order fil) ,fi- 2) ,fifT ) ,fi0). 





Example 



If f(x) = 3* then complete the following: 

(a fil) = (b) fix + 2) = 


*fix) 


c yio */(-.*) = 
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Exponential Function 


2-2 


o Solution 

( a ) fl2) = 3 2 = 9 


(b J{x + 2) = 3 *'*' 2 = 3* x 3 2 = 9J{x) 



c Ax)xf(-x) = 3 x x3* = 3 J ' J( = 3 0 = I 

Try to solve 

^4 Write the rule of each function under its suitable graph: 
a y =3‘ b y = 3 •* 

d y = -3" e 

®y«3 '* x h y«l-y 


c ) y = - 3* 

( 0 y = 3*’ 1 
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Graph (5) Graph (6) Graph (7) Graph (8) 


Applications tends to equations in the form a* = b 
Growth and Decay 

In our daily life there are a lot of phenomena expressing growth and decay by time such as 
the study of population, bacteria, viruses, radiation substances, electricity and temperature. 
In algebra, there are two functions, representing the growth and decay which are exponential 
growth function and exponential decay function. 

First :Exponential growth 

We can use the function /, such that/t) = a ( I + r)‘ to represent the exponential growth with a 
constant percentage during constant intervals of time, where (t) is the time, (a) is the intial value, 
(r) is the growth percentage per interval of time (Discuss your teacher to conclude the previous 
relation). 
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Example 


2 The compound interest: If principal P is deposited in one of the banks at interest rale r 

(percentage) and compounded n times per year for a period of t years, then the accumulated 

value A is given by: 

A= P(1 + — ) m 
n 

Kxample: A man deposited a capital of 5000 L.E in one of the banks with annual compound 
interest 8%. Find the sum of the capital after 10 years in each of the following. 


a The interest compounded annually 
b The interest compounded quarter annually 
c The interest compounded monthly. 


Solution 

Use the relation A = P ( I + - )* 

n 

(a) The interest is compounded annually n =1 

C = 5000 (1 + 0.08) 10 = I0794.62L.E 


(b) The interest is compounded quarter annually n = 4 

C = 5000 ( 1 + M- ) 10 - 4 = 1 1040.2 L.E 

4 



(c) The interest is compounded monthly 

C = 5000(1+ -QM) '°*'2 = 1 1098.2 L.E 

Try to solve 


n= 12 


(s) Number of breeding Bees in a bee cell increases at rate 25* weekly. If the number of bees 
at the beginning is 60 bees. Write the exponential function that describes the number of bees 
after t weeks. Then estimate this number after 6 weeks. 


Second : Exponential decay 

We can use the function f. fit) = a ( I - r)' to represent the exponential decay with a constant 
percentage during constant intervals of time, where t is the time, a is the intial value, r is the 
decay percentage per interval of time 


Example 



Connedted with trade: Kareem bought a car at 1 20000 L.E. and its price decreases at the 
rate of 1 2% per a year. 


1st: Write the exponential function which represents the price of the car after t years. 
2nd: Estimate to the nearest pound the price of the car after 6 years. 
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2-2 



/ 


o Solution 

a =120000 , r =1qq = 0. 12 , t = 6 years 

1st: the exponential decay function is: /It) = a( I • r)' by substituting then 
/(t) = 1 20000 ( I - 0. 1 2)* then: /(t) = 1 20000 (0.88)' 

2nd: put t = 6 in the exponential growth function 
fi5) = 1 20000(0.88) 6 = 55728.4904 1 
The expected price of the car after 6 years is 55728 I.E 

Try to solve 



(b Connected with medicine: A patient gets 40 milligram of a medicine. The body gets rid of 
10% of this medicine every hour. 

a Write the exponential function which represents the quantity of medicine left in the 
body after t hours. 

b Estimate this quantity of medicine left in the body after 4 hours. 



Exercises 2 • 2 



,x 






(l) Complete each of the following: 

a The function f such that/(.r) = a * is an exponential function if a 
( b ) The exponential function g where g(x) = 3 **' its base is 

c ) The function K where K(x) = (—•) **' is not exponential because 

d The coordinates of the point of intersection of the curve of the function fix) =a' with the 
straight line x = 0 is the point ( , ) 

e) The equation of the line of symmetry of the graph of the two functions f and g where. 
g(x) = 3\ g(x) = (j)* is 

(l) Choose the correct answer from those given : 

a The exponential function of base a is increasing if 

(a) a > 0 (b) a > I (c) 0 < a < I (d) a = 1 


b The exponential function of base a is decreasing if : 
<a)a>0 (b)a<0 (c)0<a<l 


(d) -1 <a < 0 


c The exponential function fix) - a , a > I its curve approaches: 

(u) the x-axis (positive direction) ( h) the x-axis (negative direction) 

(c) the y-axis (positive direction) (d> the y-axis (negative direction) 

d ) In the exponential function /(x) = a' , a > I then fix) > I when: 
(u)jt€R (b)jreR* (c).reR (d)oreZ 
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® In the exponential function g(x) = a ' , (0 < a < 1) then 0 < a' < I when x € 

<a)|0,*| <b)|-oo,01 (c))l.x| (d))-co,l) 

(3y Show which of the following is an exponential function then determine the base and the 
power of each:- 

(Kfix) = 2x> C«»^jc) = |(5>* ®A*> = 777 

(<C /*) « 3** - 1 e fi x ) = (|) 1 ) Ax) = (-7>* 

y4 Represent graphically each of the following functions then find the domain and the range of 
each. Also determine which is increasing and which is decreasing: 

(•l Ax) = V b Ax) = <£) * ® Ax) = -3 ( 2 r * Ax) = 2 + I 

(• Ax) = (j)*+ 2 -2 (0jW«2(|)*-' + l ® Ax) - -<£) + J 

(s) Saving: Ziad deposit 80000 L.E in a bank which gives and annual interest of 10.5%. Find 
the total amount of money after 10 years given that the total around is given by C = a ( I +r)' 
where t is the number of years, a the starting amount, r the annual interest 

6y Communication: The number of the land lines telephone decreases in a city as a result of 
the proliferation of the mobile phones at the rate of 10% yearly. If the number of the land 
lines in a year was 54000 lines write the exponential function which represents the number 
of lines after t years then estimate the number of lines after 3 years. 

Investment: The number of cows in a cattle farm is 80 cows and the reproduction rate of 
these cows is 1 8% annually. Find the number of cows after 4 years. 

8 Population: The number of population in a city of A.R.E reached 4.6 million people with 
an average increase 4% annually. 

1st: Write the exponential growth function after t years. 

2nd: Estimate the number of population after 5 years. 

9 Sport: The number of spectators of a football team decreases at the rate of 4% each match as 
a result of recurrent loss in a championship, and if the number of spectators in the first match 
was 36400. Write the exponential function which represents the number of spectators (y) in 
the match (t) then estimate the number of fans in the tenth match. 




JO Creative thinking: If/*) = 2* Prove that 
value of x. 


I 


i 


Ax ) +i yi-x)+i 


has a constant value whatever the 
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From that table, show when 2* equals 2.c 


l x 

-2 

-1 

0 

1 

2 

3 

lx 

-4 

-2 

0 

HI— IMMIf M 
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yx 
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1 

1 




+0 

4 

2 










Exponential Equation 

If the power of the equation contains the unknown "x" then it is called 
exponential equation i.e. (3* = 27) thus: 



Example 

1 Find in R the solution set of each of the following equations: 

(b) (2 VT)' - 3 = 8* 2 


a 3 *+ i - _L 
27 

o Solution 

a 3 *«• t - _!_ 

27 

x + I = -3 


• 7*4-1 

• ♦ 

• *= -4 


b ) (2/1) x i = 8 * 2 

(2 V' 3 » (2 3 ) *' 2 

.*. | - ^ = 3.t - 6 

3x -9 = (x.x - 12 
-3* = -3 x=\ 


3 3 

solution set = {-4} 

,\ (2*2*) *’ 3 = (2 3 y 2 

• 2 i* Jt ' 3 * _ 23<Jt-2) 

multiply by 2 

3jt - = 9 - 12 

solution set = {1} 



Try to *olvo 

1 Find in R the solution set of each of the following equations : 

(a) 2 3vt = — 

16 


b (3 2 + 5 2 )' _ | 

68 * 

2 nd : If a m = b m , a. b « {0, 1,-1}, then 
cither: m = 0 

or: a = b if m is an odd , a = ± b if in is an even. 
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We will learn 


> Solving the exponential 
equations algebraically. 

> Solving the exponential 
equations graphically. 



Key - term 


«• 


» Exponential Equation 
» Graphical Solution 


Matrials 


* Computer program for 
graph. 

> Scientific Calculator 
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Example 

2 Find in R the solution set of each of the following equations: 
a 2*' 3 = 5 x ‘ 3 b ) 7 ■*■*■ * = 3 i, ' f 2 



©► Solution 

( a ) 2 * 3 = 5 x - 3 = 0 

solution set - {3} 


jc = 3 




b 71^1 sjlrtl - 7 jr + 1 s 3 2fx + I ) 
/. jr+ I = 0 jc = -I 

Try to solve 


7 ,+ l =9 ,+ l 
solution set = {-I } 


AN 


v2; Find in R the solution set of each of the following equations: 


jt-5 . jt-5 


a ' 3 *° = 2 


b 4i+2_3li+4 


Find all possible solution of the equation t ' -2 = 4 r ' 2 


Example 


® a Ax) = y 

a Prove that At + 2) *A X * 2) =ftlx) b If At + I ) ~A X * 1 ) = 72 Find x 


O Solution 

( a ) L.H.S 


=/(jc + 2) > At -2) 

= 3 2 ♦ jr- 2 


3 J + 2 X 3 X ' 2 
3 * =AZx) = R.H.S, 


b)vAr+l) - Ar-1) =72 


3** 1 - 3 Jr * 1 = 72 


jr-l - 


3* - 3 *■» = 72 


3' *' (3 2 -1) = 72 
/. 3 •*'' = 9 = 3 2 


x - 1 = 2 


jc = 3 



Try to solve 

( 3 ) lf/,(jc) = 8\/ 2 (jc) = 4* 

A /. (2c + 1)+/, (3it + 2) ,. 0 

a prove that — — i2 — — — = 1 28 

v f x (2jc- I)+/j(3jc-2) 

b Solve the equation /, (Zc) + /, (3 jc - I ) = 80 
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S 3k Ck 

% Example 

4 = V 

find x which satisfies the equation: fix) +/( 5 - or) = 12: 


a Solution 

By substituting in the equation J{x) +J { 5 - jc) = 12 
2 * + 2 5 ‘* = 2 


2* x 2 X + 2 5 *•* x 2* = 12x2* multiply both sides by 2* 
2 *** + 2 i ’ x * x - 12 x 2* = 0 
2 - 12 x 2 X + 32 = 0 by factorizing trinomial 

(2* - 4) ( 2 X - 8) = 0 
either : 2* = 2 2 then x = 2 


or: 2* =2' then x = 3 



Try to solve 



In the previous example prove that: 


/ tr+ I) 
/(■* - I) 


+ 


/Or- I) _18 

/(Jt+1) 25 



Solving Exponential Equastions Graphically 

> 

Activity 

5 Using a graph program draw in one figure the two curves of the two functions f x (x) = 2 * , 
/,(. r) = 3 - x, then find from the graph the solution set of the equation 2* - 3 - x 

Solution 

Using the GeoGebra program draw the two curves of the two 
functions and from the graph we find that the point of intersection 
is (1,2) 

So the solution set of the equation 2 X = 3 - x is { I }. 

Q Try to solve 

5^ Using a graph program draw the graph of each of the two functions: 

/,(*) = 2 X ,f 2 (x) =x+ 2 in one figure and then find from the graph the solution set of the equation 
2 X =x + 2 
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Exercises 2*3 


J ' Choose the correct answer 
( • ) If 2 1 =8 , then jr = „ 

(a) 1 (b) 2 

b If 5 •** 1 = 4 **’, then x = . 


- M M<» 


<c) 4 




(a) 5 


(b> 1 


( 0-1 


c) 2 = I where a > 0 , then a = 


(all (b) -3 (c)2 

Find the solution set of each of the following equations: 


(a) 2* +l =4 

d 5 * + 3 = 4* + 3 


b 3*'= A 


e I (3/T) w = 27 

0 5 ** + 25 = 26 * 5* (b 2* + 2 5 *'= 12 

(3) Find the S.S of the two equations: 

y x y = 75 . y x y = 45 






(d)3 


(d )0 


(d)3 

c T 2 = | 

1 ) 3 *+ 3 - 3 ** 2 = 162 

0 ( J ) M, + (|) M, +(|) 1 * 5 


= 84 


4 If /,(jr) = y,f 2 (x) = 9* find the value of x which satisfy f x (lx - 1 ) + f 2 (x + 1 ) = 756 

( 5 ^ Ifyir) = 7 x * 1 find x which satisfy _/(2.t - I) x - 2) = 50 

6 find graphically the solution set of the equation: 

(•D 3 jr * 2 = 3 -x ( b ) 2* = 2r 

@ Creative thinking: If x 3 = y 2 and * n * 1 = y " * 1 find the value of n ? 

8 Numbers: If the sum of 2 + 4 + 8+ 16 + + 2" is given by the relation 

s„ = 2(2 n - I) 

aj Find the sum of the first ten numbers in this pattern 

b Find the number of terms of this pattern starting from the first term to give the sum 
131070 


9 Solve each of the following equations 

(a) 3* 2 ' 42 = ( 5 )* (b ) 7 2 *-*+ 7 *•*= 50 

1 0 Creative thinking: 

Find the solution set of the equation: 

9**! .3**3.y + 3 =0 . 
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The Inverse Function 






Unit Two 





if 


Think and discuss 



The opposite figure represents relation (father) 
between a set of fathers X = { Emad. Abdallah, 

Ossama. Atef } and a set of daughters Y = { Amal , 

Nayera. Ghada. Gana}. using the figure : 

1 ) Write the relation representing (father) from 
X to Y. does the relation represent a function ? and if so is it one to 
one Function? 

2) Write the relation representing (daughter) from Y to X. is it a 
function? 

Learn 



The Inverse Function 

If the function / is (one-to-one) function from X to y then /'* is an 
inverse function of /from Y to X if : 

(y.x) e/’ 1 


for (xy) ef 


then 




Example 

1 If the function / is as follows: /= { (1, 2), (2, 4), (3,6), (4, 8)} . 
Find the inverse function of / and represent both in one figure. 

O- Solution 

The function f is one to one 
So. it has an inverse 
’.‘Ax) = {(I, 2), (2. 4). (3. 6), (4. 8)} 
x) = {(2, I ). (4. 2). (6, 3). (8, 4)} 

We notice that the function / and the 
inverse function /■' are symmetric 
about the straight line y = x 
Thus /•' (or) is the image of fix) by 
reflection in the straight line y = or 


n 













at 

) / 




r = \ 










* 

* 



r 
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We will learn 


* The Inverse function 
» The graphical repre- 
sentation of the inverse 
function 

► Finding the inverse 
function algebraically 
and graphically 



Key - term 


«• 


> Function 

> Inverse Function 

> One - to One Function 
» Domain 

» Range 

> Reflection 


Matrials 


» Scientific Calculator 
» Graph program 
► Computer 


Student book - first term 


aj 


81 


printing 


Unit Two: Exponents, Logarithms and their Applications y 



Try to solve 

0 Find the inverse function of the function represented by the following table: 

1 

1 

2 


X 

3 

2 

-1 

0 

fix) 

7 

3 

1 

0 



— 


The vertical line test 


If a vertical line cuts the curve at 
one point then the curve represents 

a function. 




1 




7 










2 

\ 


J 





\ 

! 

/ 



2 - 



' t 

/- 

. 

i * 






L 



The horizontal line test 


If any horizontal line cuts the curve 
at a point then the curve represents a 
one to one function 





3 










/ 






2 


/j 














J 




. 

i • 

* 




! : 

> X 



/ 

-1 







/ 


lJ 





Notice that: 

If the function is not one-to-one (Doesn't satisfy the horizontal line 
test..) then its inverse doesn't represent a function. 

i.c y =x? (is not one to one) then its inverse lyl = /*” is not a function. 

Properties of the inverse function: Domain f(x) 

1) we said that fix) , g(.v) each one is inverse 
function to the other if 
(/■•£) (*)=* and (*•/)( x) = x 

2 ) the domain of fix) = the range of inverse function 

/'( Jt) 

the range of fix) = the domain of inverse 
function /'* (.r) 

Critical thinking: 

What is the domain of the function / such that fix) = x 2 in which the 
function / has an inverse function and find that inverse function. 

Example 

2 Find the inverse function of the function /such that/(.t) = 2x + I 
and represent f(x) and its inverse graphically in one figure. 




u 


1 Y 

1 



J 

5 

A 



/ 



- X 

\ 


J 


p 





\ 






3 •! 

\ J 

1 


; 

I 

* 






S 






•2 

4 

2 





Range fix) 


Range ( A (x) 


Domain ( A (x) 


A 


Roller 


o 


to find tin* inverse 
function, first He 
exchange variables, 
then we find y in 
terms of *♦ 
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% 


o- Solution 

y = 2jc I 

x = 2 y + 1 exchange variables 

2y =x- I 

y = ±(x-l) /- , (or) = i(jc- I) 


X 

1 

0 

At) 

3 

1 

/•( X) 

0 

-1 

2 


Notice that The curves of the function / and its inverse function 
/■’ are symmetric about the straight line y = x 

Q Try to solvo 

2^ Find the inverse function of the function y = x 3 and represent 
both in one figure. 





Example 


3 If AO = 3 + 4TT find 

s The domain and the range of the function /. 
b /•■ (.v) and find its domain and its range 

c Using a graph program draw the graph of each of/lx) and its inverse function /'(x) 


Solution 

a] AO is defined for all values x -1^ 0 i.e. x >1 
The domain of fix) = | 1 , 

V 4 jc-l ^ 0 for all values of .v which belong to the domain 

3+/TT> 3 AO > 3 

The range of AO = | 3,* | 


(b vy = 3+/TT 

by exchange the variables x , y 

x = 3 + 4 y -1 x - 3 = 4 y -I by squared both sides 

(x-3) 2 = y-l 

y = (x - 3) 2 + 1 .*./-• (X) = (x -3) 2 + 1 

The domain of /*'(x) = R And the range of it = 1 1 .« | 
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Try to solve 


®if/R * R* fix) = -T^-T 

x 1 + I 

(a Find f' x (x) and determine its domain and its range 
b Using a graph program draw the graph of each of fix) ,/*'(•*) 




Exercises 2-4 


?§? 


® Complete: 

a J Ifthefunction/={(l,4),(2,-3),(3, 1 ), (4.0)} then/' 1 = 

b The opposite figure represents a function f. x * Y then 

/*' ( 2 ) = 




c The image of the point (2, I) by reflection in the straight line 

V ® Jt 15 MBMIMNMINHMMMIM* 

d If/is a one to one function and/(2) = 6 then / *’ (6) = 

!•) If fix ► 4x then x » , 






® Put (*/) for the correct statement and (X) for the incorrect statement : 

a The domain of the function is the domain of its inverse function. ( 

b ) The increasing function on its domain always has an inverse function.. ( 

( c ) The even function always has an inverse function. ( 

( d ) The odd function always has an inverse function. ( 

® Find the inverse function (if possible) of each of the following: 

( a fix) = j x + 4 b )f( x ) = 4.t 

(c fix) = 5 + f <d)/U) = -J 

(e fix) = 8 x 5 - 1 I f )/(*) = y 4 - * 

0 fix) = 2 + J 3 - jc h f(x) = x 2 where x > 0 

fix) = (jc - I ) 2 + 2 where x ^ I L 1 fix) = jr 2 + 8 * + 7 where x > -4 

( k fix) = / 9-x 2 where -3 < x < 0 

( L fix) = J 9 - x 2 where 0 < x < 3 


m /={(! , 2), (2, 3), (3, 4)} 


n 



A*) 


■ 2 

7 


I 

4 


2 

I 


5 

-1 
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4 , a ) If/(.r) = 5.v. find /'(jr) and represent it graphically. 

(b The opposite figure represents the function /from X to Y find 
/■' (b) + 2/ '(c). 





5 In each of the following figures draw in the same figure the curve of the inverse function f '(x) 



( 


Y' 








b 







\ 

4 







\ 

9 





















1 

3 ' 

2 - 

1 ' 



; 

• 



Discover the Error: 

x 5 

Wael and Rana tried to find the inverse function of the function fix) = ~ 


Wad's solution 


v fix) = 


— 5 


V / '(.t) = 


1 


fix) 


•*. /”'( Jf) = I ♦ 

= I X 

/■(*)= - 


x -5 

x 

x 

x -5 
_x 

jr-5 


Kana s solution 



v.5 

x - ■ J — — exchange variables 

y x = y - 5 cross multiplication 
y x - y = -5 


y (jc - I ) = -5 


Which solution is correct? Why? 

Open question: Is it possible for a function / to be itself the inverse function /'*? If it’s 

possible give examples. 

8 Determine the domain at which the function f has an inverse for each? 
a At) = x 2 (b)/(jr) = jr J 
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Logarithmic Function and 

Its Graph 




We will learn 

» Definition of the loga- 
rithmic function . 

► The graphical represen- 
tation of the logarithmic 
function 

► Transformation from the 
exponential from to the 
logarithmic form and 
conversely. 

» Solving simple expo- 
nential equation 


Key - term 




► Logarithm 

> Inverse Function 
» Domain 

* Common Logarithm 


Matrials 


> Scientific Cal. 
* Computer 


Note 




Log 


a - = v » a 

logarithmic form, 
its corresponding 
exponential form is 


86 


Graphical representation of the inverse function of 
the exponential function 



Discover 


You know that the function y = -J~x is the 
inverse function of y = x 2 for x > 0 (its 
image by reflection in the line y = x) 


V J 

: 

y 

= 

f X 

T 



WT 

t 






i 

t X 


Can you represent the inverse function of 
the exponential function f such that/lx) = 2' graphically by representing 
the values of x. y for the ordered pairs of the function. 



X 

y 

-3 

i 


K 

-2 

1 


4 

-1 

1 

2 

0 

1 

1 

2 

2 

4 

3 

8 



X 

y 

1 

-3 

8 


1 

-2 

4 


1 

-1 

2 


1 

0 

2 

1 

4 

2 

8 

3 



We find that the inverse of y = 2* is x = 2 y and the variable y in the 
equation x = 2 y is called logarithm x. and it’s written as y = x and 
it's read as logarithm x to the base a 


a 


© 


Learn 


Logarithmic Function 

If a e R* - { I } then the function /: R + — 

inverse function of the exponential function y = a v 

fix) = Log x is called the logarithmic function 
a 

> Domain of logarithmic function = R + 

> Range of logarithmic function = R 

> The form y = Log x is equivalent to a y =jr 

a 
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R where fix) = l°g x is the 

a 







Logarithmic Function and Its Graph 12-5 


Converting to the logarithmic form: 

( a ) 2 4 = 16 equivalent 


Log 16 = 4 6 5* = 25 

2 


equivalent Log 25 = 2 


c 4 ,4 =ii 


equivalent 


Log-jL = 4 d 10 ' 2 =0.01 equivalent 

2 


Log 0.01 = -2 
10 



81 

625 


d 5-3 = — L 
^ J 125 


Try to tolvo 

(l) put each of the following in the logarithmic form 

( a ) 7 2 = 49 (b) (/T ) 10 = 32 ( c ) (|) * = 

The common logarithms of base 10. 

If the base of the logarithm is 10 it is named by common logarithm and written without base such 

as Log7 is written Log 7. Log 127 is written log 127 
10 10 

Change to the exponential form: 


a Log 81 =4 equivalent 3 4 = 8 1 


b Log 128 = 7 equivalent 2 7 = 128 


1 c ) Log 



100 

Try to solvo 


— = -2 equivalent 10 2 = — 


100 


Log 27 = 7 equivalent 81* 


8 


:? 


= 27 


Put in exponential form: 
a) Log 125 = 3 b) Lo 


— = -5 
243 


c j Log 1=0 

Evaluating the value of the logarithmic form of given base: 

Example 

1 Find the value of: 

(a Log 0.001 


d Log 1000 = 3 


b I Log ^27 


o- Solution 

a ) Putting y =Log 0.001 

change to exponential form: 

10 * = 0.001 

y | 

10’ from the properties of exponents 

10' “(10) fnim properties in exponents 

y = -3 thus log 0.001= -3 

Try to solvo 

Find the value of: (■ Log 0.00001 


v b Putting y = Log V27 

3 

Change to exponential form 
v i 

3- = 3 fromthepropertiesofexponents 

y.J- 

y 4 


Log ^27 
3 


3. 

4 



b Log |28 

i 
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Unit Two: Exponents, Logarithms and their Applications 




Example 


2 Find in R the solution set of each of the following equations: 

( * ) Log (2x - 5)= I (b ) Log (jc + 2) = 2 

3 x 

o> Solution 

( ■ ) The equation is valid when lx - 5 > 0 i.e. x > r (the equation validity domain) 
converting the equation into exponential form 
3 1 = 2t - 5 2 x = 8 

x = 4 € the equation validity domain .*. solution set = {4} 


t + 2 > 0 

b The equation is valid when x J x > 0 

I 


i.e. 


x >-2 

x >0 

, x # I 


then |0.x| - { I } (the equation validity domain) 
converting the equation into the exponential form 
.*. x 2 = x +2 .'. x 2 - x - 2 = 0 

(x - 2) (x + l) = 0 x = 2 or x = - 1 

V x s-l e the equation validity domain .*. solution set = {2} 

Try to solve 

4 ' Find in R the solution set of each of the following equations: 

( a ) Log •* = 4 b Log 5x =2 

81 * x 




Graphical Representation of the Logarithmic Function 

The function / such that Tlx) = Log jc , a / I is represented graphically as in the following figures: 

a 



The domain: R* 

The Range: R 
Intersection With j>axis: (1,0) 
Increasing on: R* 
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Logarithmic Function and Its Graph 


2-5 





when 0 < a < 1 



The domain: R* 

The Range: R 
Intersection With .v-axis: (1,0) 
Decreasing on: R* 


Critical thinking: Can you deduce the relation between the exponential functional and logarithmic 

function? Show this. 




Example 


( 3 Represent the following functions graphically: 

(* fix) = Log x ( 

2 

& Solution 


Av) = Log x 


(• I Notice that the base 2 > I 


X 

2 

1 

fix) 

1 

0 



(b Notice that: the base: 0 < ^ < 1 


fix) 



K 

<) 4 









l 








V 








\ 





i 

2 - 

0 


K2 

a 

j 

ft 

\ 



•T 















Using the calculator: 


The scientific calculator can be used to find the values of the logarithms as follows: 
1) to find Log 4 we press the key with the following sequence: 


2 




to find Log 38 we press the keys with the following sequence: 


3 H I STSH83S9T 


Drill: 

Using the calculator to find 

a Log 12 *> Log 24 (® Log ^ ( 5 ) Log 128 

3 3 
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— 



Exercises 2-5 



Express each of the following in the equivalent logarithmic form: 


V®)3- 2 =£ b (|) 4 = ^ (e 5° = I 

(2 Express each of the following in the equivalent exponential form: 

(a) Log 100 = 2 ( b ) Log 4 /T = | (<0 Logl = 0 Id) Log 

2 Z 7 Vm 

( 3 ) Find the domain of each of the following functions : 

a fix) = Log (2* + 1) lb fix) = 2Log* c J( x ) = Log (*-3) 

3 (5-jt) 

' 4 ) Without using calculator find the value of: 

(a) Log 16 b Log 5 c) Logl 

2 8 

( 5 ) Find in R the solution set of each of the following equations: 

(a) Log 27 =jc + 2 b Log (2* + 3) = 2 c 

3 x 

d Log (Log *) — I l e Log 1 13 + Log (* - 1)1 = 2 f.) 

2 3 4 2 

6 Represent graphically each of the following functions: 

(<0yU) = Log x 



b (-) 4 = 

V 625 



(/T ) 4 = 4 


121 =4 


Log 3 /T 
■» 


Log (It + 1 ) = 0 

Log (4‘ - 2) = x 

a 


b fix) = Log (*+ 1 ) 



i 

3 


I 

9 


2 

8 


Ax) 


1 

2 


0 


(f) Draw in one diagram the curves of each of the two functions g, /where g(.r) = 

fix) - 6-x, then use the graph to find the solution set of the equation Log* = 6 - x. 

2 

Choose the correct answer: 

8 If Log x-2 then x - 

3 


Log 


tMW— Xttttt— atttM MHIH t 


(a) 9 

b 8 

c 1 3 

d 5 

C 9 ) If Log 16= 

a 

4 then a e 



a {16} 

b ){2> 

c {2.-2} 

d {1} 

10 I Logl25=... 
3 




(a.) /y 

b) 3 

c 5 

d 125 
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1 1 The domain of the function / such that/(.t) = Log 3 is 

(I -Jr) 




a I |-x.O[U |0, l| b} ]-». || 


(®) 1K*I 


(0 H, H 


@ Log 100 = 




a ) 1 


b 2 


c 3 


d ) -1 




J3, If the curve of the function / where fix) = Log x passes through the point (8, 3): then 

M) = 


wm mmam mmmmm mmmmm mmmm 


a ) 1 


b 2 


c - 
4 


d ) -2 




,14^ the opposite figure represents the function .. 

(•)y = 3*-l (b y = y" 

c ) y = Log(2-*) dj y = Log (3-*) 

3 3 

15 Find the value of each of the following then check the result 



by using calculator: 
a ) Log 8 1 


® Lt>g« 


c ) Log 343 

<n 


d) Log 0.001 




16 Find the value of each of the following then check the result by using calculator: 

a Log* = | b Log( 2 or - 5) = 0 c) Log(* + 6)=2 

CO Logl2*+ll= I 



81 3 

Log Log Log r = 0 6 I Log ( ? ) = 1 

5 2 3 3 J 


17, Education: if the relation between retention of materials of a student in the first 

secondary form and the number of months (t) starting from the end of study of the class is: 

y(t) = 70-4 Log (l + I ) 

2 

find the score of the student: 

first: at the end of the study of the class (t = 0) 

second: after 7 months from the end of the study of the class. 

^ Application: In a study to measure the students retain what has been studied in a certain 
subject they re - examed from time to time in the same subject. If the student score follows 
the relation y|t) = 85-25 Log (t + I) , where t is the period after studying in monthes. f(t) 
is the student score in percentage. Find: 

a j The score of the student in the first exam for this subject. 

b ) The score of the student after 3 months from studying this subject. 

c The score of the student after one year from studying this subject. 
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Some Properties of 
Logarithms 



We will learn 


► Using properties of 
logarithms 

» Solving logarithmic 
equations. 

» Using scientific cal. in 
solving exponential 
equations. 

> Life applications on 
logarithms. 



Key • term 

» Logarithmic Equations 
> Richter Scale 


•- 


Matrials 



> Scientific Ca. 

» Computer and a graph 
program 
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Discover 


Use the calculator to evaluate each of : 

1) (Log4 + Log8) , Log32 2)(Log40 + Log|) , LoglOO 

3) (Log 27 - Log 9). Log 3 What do you deduce? 

a I 3 


© 


Learn 


Some Properties of Logarithms 

If: a e R + - { 1 } 1 ) Loga = 1 2)Logl=0 


a 


Try to prove each of 1 and 2 using the definition of logarithm. 


3) Multiplication property in logarithms: 
Log 1 y = Log* + Logy 

a a a 

To prove this relation: 

put b = Log* . c = Logy 
a a 

and from the definition of logarithm: 


where x.ye R 


* = a h 


then * y = a b x a c 
converting the last form into logarithmic: Log* y = b + c 

a 

By Substituting the values of b and c, we get Log* y = Log* + Logy 


y = a c 


i.e. * y = a b * c 


Example 


1 ) Find the value of Log 10 in the simplest form. If the value of 

2 

Log 5 ~ 2.3219, verify your answer using the calculator. 

2 

o Solution 

Log 10 = Log (2 x 5) 

a a 


= Log 2 + Log 5 
2 2 


using the multiplication property 


= 1 + 2.3219 ~ 3.3219 using property (1) and by substituting 

Log 5 ~ 2.3219 

2 
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('heck by using calculator: 


»•* (X) ^ I » © 3 


3ZI9B8C9S 



Try to solvo 

1 ’ Find the value of Log 15 in the simplest form, if Log5 ~ 1.465. verify the result using 

3 3 

calculator. 


4 ) The division property in logarithms 
Log^ = Log* - Logy where *, y e R* 

i a 


(Try to prove this relation) 


Example 

( 2 Find the value of the expression: Log30 - Log3 . 


o Solution 


30 _ 


Log 30 - Log 3 = Log = Log 10 = 1 



Try to solvo 




2 By using the division property in logarithms prove that: Log2 = I • Log5 


5 ) The power property: 


Log* = n Log* 

a a 


w here neR,*>0, a e R + , a / I 


Example 

3 Find in the simplest form the value of Log if 1 25 

5 

o Solution 

Log 1725 = Log(5) = | Log 5 = I =| 

5 5 *5 

Try to solvo 

(3y Simplify 

Log V 243 « Log ^343 

3 7 

Notice that: Log(4) = - Log * where jr e R* 



a 


6) Base changing property: 

Log * 

If x € R* and v , a € R* - { I } , prove that: Log* = — fl — 

y Log y 


1 

A 


Notice 




(VTB = = 5*) 


a 
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Unit Two: Exponents, Logarithms and their Applications j 


o- proof (not required) 

let: z = Log* 

y 

y* = * 

z Logy = Log* 

a a 


Log * 


then 


z = — &■ 


Log y 

a 


converting into the exponential form 
by taking log a to both sides 

Log * 

i.e: Log* = — — 
y Logy 



Try to solve 

4 use property 6 to find the value of: a Log 8 

4 

7- The multiplicative inverse property: Loc b = 

a 


0 Log 243 


1 


Loga 

b 


Critical thinking: If a, b e R* - {1} prove that Logb = 


1 


Log 7 x Log3 in simplest form. 

3 7 

Simplifying logarithmic expressions 


a 


Loga 

b 


hence find the value of: 


Example 


4 Simplify: 

a ) 2 Log 25 + Log + 2 Log 3 - Log30 I b Log49 x Log 5 x Log 8 x Log 9 


Solution 


a The expression = Log 25* + Logy^ + Log3 2 - Log30 

= Log (25 2 X X 3 2 X yL) 


property 5 
properties 3, 4 


- Log I (X) - 2 


b The 


expression = 


Log49 Log5 Log8 Log9 
Log5 Log8 Log9 Log7 
Log49 2Log7 


properties 6 


Log7 Log7 


= 2 



• U *T2 


Try to solvo 

(5y Simplify: Log0.009 - Log-=^-+ Log 15 -j-j- 

® Prove lhal: = 3 

v v Log9 - Log4 

(/) If jt 2 + y 2 = 8x y, prove that: 2 Log(.r + y) = I + Log x + Log y 
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Solving Logarithmic Equations 

Example 

5 Find the solution set of each of the following equations In R: 


b Log-t + Log 3 = 2 


3 


8 Log (x - 1 ) + Log (x + I ) = Log 8 

3 3 3 

o Solution 

a ) The equation is valid x e {x:x - 1 > 0} D {jc:jt + 1 > 0} 
then x > I (equation validity domain) 


LogC* - 1 ) + LogC* + 1 ) = Log 8 

3 3 3 

LogC* - I ) (.t + I ) = Log 8 
3 3 

jr 2 - I = 8 

x e -3 E equation validity domain 

( b ) The equation is valid at x > 0 , x # 1 

/. Log* + = 2 

3 Log* 

3 

(Log*) 2 + I =2 Log at 

3 3 

(Log.t) 2 - 2 Log.t +1=0 

3 3 

Log.t = 1 
3 

Solution set = {3} 


property 3 

.*. x 2 = 9 

Solution set = {3} 


then x = ±3 


property 7 


multiply by Log.t 

3 

(Log.t- l) 2 = 0 
3 


x = 3e the equation validity domain 



Try to solve 

yB Find the solution set of each of the following equations In R: 

8 Log* + LogC* + 2) = I b Log(8 - jr) + 2Log^ x - 6 = 0 c Logx - Log 1 00 = 1 


3 


Solving Exponential Equations Using Logarithms 

^ Example us jng calculator to solve exponential equations 
( 6 Find the value of x in each of the following < Round the result to the nearest hundredth), 
a 2*+ l =5 (b 5*-2 = 3 x4* +i 


o Solution 

(a) 2** , = 5 


by taking log to both sides 


Log 2 •* ♦ 1 = Log5 


(x + 1 ) Log2 = Log5 


x + 1 = 


Log5 

Log2 


i.e. : x = - I x ~ 1 .32 

LOg2 
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Using the calculator: 

Lj*J ® < + h * 2 > • I I3?I950O9S 

b y 2 = 3 x 4 r+l by taking log to both sides 

Log5' 2 = Log( 3 x 4 X * 1 ) Log5' 2 = Log3 + Log4 ,+ l 

,\ (jr - 2) Log5 = Log 3 + (.t + I ) Log4 x Log5 - 2Log5 = Log 3 +jr Log4 + Log4 

x Log5 - x Log4 = Log3 + Log4 + 2 Log 5 .*. x ( Log5 - Log4) = Log3 + Log4 + 2Log5 


_ Log3 + Log4 + 2Log5 
X ~ Log5 - Log4 

Using the calculator: 




25.56 


?556iCH553 


Q Try to solve 

Find the value of jr in each of the following approximating the result to the nearest 
(• ) 3 72 * = 13.4 (b)7*- 2 = 4" 3 


^ Exampto Applications on logarithmic laws 

7 ) Geology: If the magnitude of the intensity M(l) of an earthquake on Richter scale is given 


by M(I) = Log ), where I is the earthquake intensity, I. represents the smallest earth 
movement that can\>e recorded, called the reference intensity. 

a Find on Richter scale the magnitude of the earthquake of intensity I0 6 times the reference 
intensity . 

b In 1989 An earthquake measuring 7.1 on Richter scale occurred. Determine its intensity. 


Solution 

(a) v M = Log(-/— ) , I. = 10*1. 

I* 

,oft |. 

M = Log ( j ) = Log 1 0 6 = 6 Log 10 = 6 
i.c. the magnitude of the earthquake on the Richter scale is 6. 
(b I v M ■ 10 

,\ 7.1 = Log{ -/-) /. -j- =I0 71 

/. I = I0 7 1 I. 


i.e, the earthquake intensity is 12590000 times the reference intensity. 
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Q Try to solve 

10 If the population of a city starting from 2010 is given by N = I0 5 ( 1 .3) 1 ' 2010 , where N is the 
number population , 1 the year 

a Find the population of this city in 2015. 

l b I in which year the population of this city is 1.4 million people. 



Exercises 2*6 



Without using calculator find 


») Log 1000 
e) Log 0.001 


b I Log 32 
2 


( e Log 0.001 (f Log 2 

I 

Simplify to the simplest form 

(a Log2 + Log5 (b Log 15 

5 


c ) Log |6 

i 

9 • Log I 
8 


Log 3 

5 


d Log 49 

7 

(b) Log V r y - 


c ^S 25 
Log 5 


a ) Log 5 x Log 2 


• Log 54-3 Log 3 - Log 2 f I + Log3 - Log 2 - Log 1 5 




9 I Log# + Log* 1 + Log c b 


I 


1 


1 


a be a be abc Log 12 Log 12 Log 12 

2 8 9 

(i) If x , y 6 R + .a. b € { I } Put (✓) in front of the correct statement and (X) in front of the 

incorrect statement : 


8 ) Log(* + y) = Log* + Log y ( ) 


a 


1 c ) Log(*y) = Log* + Logy ( ) 


(b Log (* + >’)= Log* x Logy 

a a a 

d Logic' = 5Loglv 


( ) 


( ) 


a 


8 ) Log(-r-) = Log* + Logy' 1 ( ) 

a - a a 

9 ) If * > 0 then Log* 4 = 4 Log* 


Log * 

0 — 8 — 

Log y 


Log * 
t> 

Log y 
b 


( ) 


( ) 


a 


a 


4 ) If Log2 = * , Log3 =y find in terms of * , y each of: Log6 , Log 1 2 

18 

^5 1 Find the value of * in each of the following approximate the result to the nearest hundredth. 

(a 7** ' 2 =5 (b =3 '-2 (c -$— = 7 (d) x lj0 » J = 100* 

10 ^ 
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b Find in R the solution set of each of the following equations: 

(•) Log x - I - Log (Jf * 3) (b) Log (jr + 6) = 2 Log x c Log(.r+8)- Log(jc- l)= 1 

4 4 3 3 

d ( Log jt) 2 - Log x* = 3 ® ( Log *)-* = Log x 9 t 3 = 2 u> * ' 

(sO Log-t = Log 3 (h) Log Jf + Log 2 = 2 CO Log (2 * - 4) + x - 5 = 0 

3 jt 2 * 2 

j) Use the calculator to calculate: 

r^rs r „ 3 150 x 5 2,10 

(•J Log 3.15 b ) Log 25 c ) 2 Log 5 - 3 Log 7 d — — 

8 Use the calculator to find the number of digits of the number 4 r 

9 Chemistry: the ( PH ) level of a solution is known as negative the logarithm of the concentration 
of Hydrogen (H*) in the solution; PH = - log (H + ). 

a What is the ph of a solution for which the concentration of hydrogen ions is 10 3 

b Find the concentration of hydrogen ions of absolution whose ph is 9 
^ Population: If the population of a city increases by rate 7% 

a Find a formula of the population of the city after one year. 

b After how many years the population is doubled assuming that it rises at the same rate. 
1 L If jr = 5 + 2 VtT find the simplest form of the expression Log (— + x) 

^ Discover the Error: Amira and Esraa solved the problem : simplify: Log.r 3 + Log y 4 - Log jty 2 




the expression = log - 

= log (. 


= log X 1 y 2 
= 2 log x y 


the expression = 3 log x + 4 log y - 2 log x y 
= 3 log x + 4 log y - 2 (log x + log y ) 


= 2 (log x + log y) 


= 3 log x + 4 log y - 2 log x -2 log y 


= log x + 2 log y 


which answer is correct ? why? 

^ Creative thinking: without using the calculator calculate: 

Log (tan I ’) + Log (tan 2*) + Log (tan 3*) + + Log (tan 89*) 
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Unit Summary 

1 ) Integer exponents 

a a n = axaxax xa (The factor a repeated n times) 


b ) a° = I where a eR - {0} 


c a , a" = 1 


i _ J 

properties of integer exponents m , n € Z , a , b €R - {0} , then: 


M 


■where a / 0 


( a ) a m x a n = a m * n 

(d) (_«.)" = 

b b" 


( b ) (ab) n = a n b " 
e ) (a m ) n = a mn 


a 


m 


c a m • n 


= a 1 


a' 


2) The n th root 

The Equation .r" = a, where a eR,n € Z* has n roots 
a) If n is an even number , a eR* 

There exists two real roots (the other roots are complex and not real) one is +ve and the 

other is -ve. The +ve root is called principal root and denoted by '/a~ 

(b ) if n is an even number , a eR (The equation has no real roots) 

(c if n is an odd number , a eR 

There exists one real root ( the other roots are complex) the real root is called principal root 
(d If n e Z* ,a =0 

The equation has only one root x = 0 (has n of repeated roots , each of them =0) 


d I y^T - a if n odd = lal If n even 


3) Properties of the n ,h root: If Va , Vb €R* then: 

(•)V3*-VT*VT (b b*0 

m 

c V? = (VT ) m = a 

I 

4' Rational exponents a =Va" where eR 

5) Properties of rational exponents 

I 

(«)a T = V~a ,a>0,n€Z*-{l} 

This relation is true when a < 0 , n is an odd integer > 1 

b ) a " = ( j~lT ) m = , a e R. m. n integers without common factor between them, 

n > I, iTT e R 

6) The exponential function: If /: R »R + where /(or) = a* , a e R + - { I } then / is called 

exponential function of base a 
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'X is called 


7) Properties of the exponential function 

( » ) the domain = R h the range R* 

c The function is increasing on R when a > I (exponential growth), 
d The function decreasing when 0 < a <1 (Exponential decay). 

8) The exponential equation: 

If a n = a m where a « {0. I, -1 } then m = n 
If a n = b n where a , b « {0. 1, -1 } then 
either n = 0 or a = b if n odd or a = I bl if n even 

9) the inverse function if /is one-to one function from set X to set Y then /*' : Y' 
the inverse function of /if for all (jr , y )€ / then (y , x )€ /*' 

10 ) the curve of the function /*' is the image of the curve of the function /by reflection in the 
straight line y = x . 

1 1 ) The function /has an inverse function /*' if/ is one to one function and its curve satisfies 
the horizontal line test i.e( Any horizontal line intersects the curve at one point 

> Each ofyfr) , g(x) is inverse of the other if (f • g) ( or)= x Ag*f) (*) = x 

> The domain of the function is the range of inverse function the range of the function is 
the domain of the inverse function 

12) The logarithmic function 

(a If a eR + - { I } then the function y = Log x is the inverse function of the exponential 
function y = a A 

b a h = c then b = Log c (converting from exponential form to logarithmic form and 
conversely. 


a 


C The common logarithm whose base equals 10 (note Log 5 = Log 5 ) 

13) Properties of the logarithmic function 10 

(a) The domain =R* (b the range = R 

c the function y= Log-t is increasing when a> 1 and decreasing when 0< a < I 

a 

14) properties of logarithms: If aeR* - { 1 } 


' a Log a = I 
4 Log x + Log y 


a 


b Log 1=0 c Log -t 1 " = m Log x 

a a a 

Log x y where x,y>0 

a 


w here x > 0 


' 9 Log x - Log y = Log 


a 


a y 


where x, y > 0 


* Log x = 


a 


Log Jf 
b_ 

Log a 
b 


where jr > 0 , a, be R*-{l} 


9 Log x x Log a = 1 


a 
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General exercises 


(l) Choose the correct answer 

a If 3 x - 5 then x - 

(a) 2 (b) Log 5 

3 5 

b The function / where /(x) = 2 * is represented by the figure 


(c) Log 3 



5 

3 




<0 Log 81 = 

(a) 4 (b) 8 (c) -4 

a* ♦ 2 + a ** 1 + a* 
a**'+ 3*+ a**' 

(a) a (b) a' 1 (c) av 

e The opposite graph shows the function / where 

<a)/U) = 2**' (b)/(x) = 2 '* 

(c)/(jc) = 3 * <d)/(x) = 2 * 

f I Which of the following is equivalent to — " 7 — ? 

Log 7 + Log 6 







Log 7 
(a) — — 
Log 6 

Log 49 

<b)— 

Log 42 

2 

(c) 

Log 6 

(d) Log ^ 

If Log (x - 4) 
2 

= 4 then x = 



(a) 4 

<h) 20 

(c) 16 

<d) 18 

Log 0.0 1 = 




(a) 1 

(b) 2 

(0-1 

(d) -2 


If the curve of the function y = Log (I - ax) passes through the point ( j,-^) then a = 

4 4 L 


(a) 2 


(b)3 (c)4 


(d) 8 
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Unit Two: Exp>onents, Logarithms and their Applications 


J — 



Find the solution set of each of each of the following equations 



a 5 *-2 _ _!_ 

( ^ ) jf 3 = 4 

l 9 Log x + Log x = - ± 
2 4 L 

(3) Complete : 

a ) If 2 * = 5 then 4 * = _ 


b (/T)**4=i 
e x Lo *' = 10 


c t *-2 = 5*-2 
GD 7 Log x = Log /T 


h Log (x + 3) - Log (* + 2) = 1 


b the domain of / where f(x) = 3 * is 


MtttWMIM 


and its range is 




lc The domain of / where / ( jc) = Log x is and its range is 

2 

'•JL Log 5 x Log 3 = — ..... 

3 5 

e 1 The curve of the function y = Log(3 - *) intersects x - axis at the point 

2 

CO If Log x = 4 then x = 

3 

4 Complete the following table using the fact y = Log x equivalent b > = x 

b 


Exponential form l ogarithmic form 


2 s = 32 
x = y 1 

HM MWM tm— n 

16^ = 2 


Log 81=4 

3 

Log 10= 1 
^8 25 = -2 


5y Represent graphically each of the following functions 

(•)/<*) = (|)* (»> /(or) = Log (Jt + I ) 

s 2 

Find the perimeter of each of the following figures: 
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Accumulative test 



/ 



Accumulative test 



Calculate the value of each of the following: 
a (-32)* (b V 16 3 


( c ) Log (0.3) 

0.09 


-2 


5x3 2 "-4x 3 2iM 


Simplify each of the following: 

a ^ x ** (b i 

I 02 *- 1 2x3 2n + , -3 2 " 

^ Find the solution set of each of the following equations: 
(a 2* = 10 approximate the result to the nearest tenth. 

c)2*-2* +l + 2*' 1 = -l 

4 Choose the correct answer : 

a ) The number 2 24 + 2 23 + 2 22 is divisible by 


c 1 L°g«, 4 + 2 Log* 3 


( b ' Log, x + Log, 3 = 2 
to « 

d * T - 33 a 1 +32 = 0 





(a) 3 

(b) 5 

(0 7 

(d)9 

b 

If Log(.t + 1 1 ) = 

2 then x = 




(a) -9 

(b) 22 

(C) 89 

(d) 91 

C 

The sum of the roots of the equation X* 

= 16 is 



(a) 2 

(b) -2 

(C) ±2 

(d) 0 

d 

Log (cos 6 ) + Log (seed) = 

10, -2-| 



(a) 1 

(b) 0 

(0 2 

(d) -1 


^5y If Log(jr + y) = | ( Log jt + Log v) + Log 2 prove that x = y. 

^6>) Physics: The periodic time of pendulum is given by t = 2 71 t is time in seconds . L is 

the length of the pendulum in cm. g is gravitational acceleration = 9.8 m/sec 2 
a ) Calculate the time for pendulum of length 73cm. 

b Calculate the length of pendulum takes 10 seconds to complete it revolution? 

Geology: If the magnitude of the earthquake is measured on Richter scale is given by: 
M = Log*. where * the wave capacity which caused the earth movement . 

How many time more the wave capacity of an earthquake recorded 10 degree on Richter 
scale than the wave capacity of another earthquake recorded 7 degree on the same scale. 
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■ Unit preface 

First ideas of calculus appeared in the works of mathematical greek "Archimedes" who has developed 
a number of laws in geometry such as volume and surface area of the sphere using some ways which 
considered as a beginning to these methods that used in integration, and in nth and ivth century A.D lots 
of mathematical scientists were busy studying problems which related to calculus until each of Newton and 
leibniz has discovered the basic theory of differentiation and integral calculus. Calculus is the branch of 
mathematics that concerned with limits, derivative, integration and infinite series It is the science that used 
to study the change in the function and analyze it . We find that the calculus related to lots of applications 
in geometry and various sciences that often needed to study the behavior and the change of the function 
and to solve the problems that can not be solved easily by algebra 



Unit objectives 


By the end of this unit , the student should be able to : 


Recognize an introduction of limits. 

❖ Recognize some unspecified quantities like 

JL, — , »-», 0 x oc , ... 

0 oc 

^ Determine a method to calculate the limit : 
direct substitution - factorization - long 
division - multiply by the conjugate. 

* Finding a limit of a function using the law 
( lim xT -a* m n an ., 

( -r-> a x-a 

& Deduce the limit of a function using the law 
( UlD & ~ A* _ ^n-m 

*->a xT -or 

# Finding the limit of a function at infinity. 


* Finding the limits of trigonometric functions. 

* Use the graphic calculator to verify the result 
of a limit of a function as an activity. 

* Recognize the right hand limit and the left 
hand limit . 

* Recognize the definition of the continuity. 

* Recognize the continuity of a function at a 
point- continuity of a function at an interval - 
some types of continuous function - redefine 
some discontinues function to be continuous. 

* Recognize applications on the concepts of 
limits, continuity (exercise and activities). 
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Key terms 


Unspecified quantity 
Undefined 
Wight limit 
{ Left limit 

Limit of a function 
Ocect substitution 


I Polynomial function 

Limit of a function at infinity 
Trigonometric function 
$ Limit of a trigonometric function 

Conrtmiaty of a function 


w Materials 

Scientific calculator • computer • graphic programs 


Chart of the unit 


Lessons of the unit 

Lesson ( J - 1 ): Introduction to limits of functions. 

Lesson (3 - 2): Finding the limit of a function 

algebraically. 

Lesson (3 - 3): Limit of a function at infinity. 

Lesson (3 - 4): Limits of trigonometric functions. 

Lesson <3 - 5): Existance of limit of a function 

at a point . 

Lesson (3 - 6): Continuity. 



Limits and continuity 


Limit of function 




Continuity of a function 






introduction to limits 


Finding the limit of a 
function 






Continuity of a 
function at a 




Continuity of a function 
at an interval 


Limit of a function 
at infinity 


Limits of Existance of limit of 

trigonometric a function 
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You will learn 


» Unspecified quantities 
» Limit of a function at a 
point 


r* Key terms 

» Unspecified quantities 

► Undefine 

► Extended real numbers 

► Right limit 

► Left limit 

» Value of a function 

► Limit of a function 



Materials 


► Scientific calculator 
» Graphic programs 


Think and discuss 

The concept of the limit of a function at a point 
is one of the basic concepts in Calculus. In this 
unit we will recognize the concept of the limit of 
the function graphically and algebraically. But 
before that, let's identify the types of quantities 
in the set of real numbers. 

Find the result of each of the following (if 
possible): 




9 ) Remember 


+ » Is a symbol 
that indicates 
unbounded 
quantity larger 
than anv real 

w 

number that can 
be imagined. 



® 28 + 4 
® 0 + 0 
(«) X - X 



Unspecified quantities 




Learn 


In (think and discuss) we see that some results of operations are 
completely determined like number I, 2. 3 while the other operations 
have no specified result. 

Notice that 7 + 0 undefined (the division by zero meaningless) also 
the operation 0 + 0 has no specified result because there exist infinite 
number of numbers which multiplied by zero to give zero . 

So the quantity -jj- is called unspecified quantity, similarly the quantities 
— , x - oo , 0 x x (why) ? 

x 



lo your iniormailons 



The operations on R and two symbols x, -x is performed as follows for 
all a e R , then : 

1~x + a=x 2- -x + a = - » 


3 - x x a — • 


x when a > 0 
x when a < 0 


4 - -x x a = 


» when a < 0 
x when a > 0 
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Example 


1 Find (if possible) the result of each of the following operations: 


(aj 4 + x 

1 

8 

c 0 + 3 

d -5 + 0 

e x + x 

CO OtO 

9 5 * x 

h) . 6 x . x 

CV Solution 

(a x 

b - x 

c 0 

d undefined 

e x 

f unspecified 

9 oc 

h x 

Cl Try to solvo 

(ly Find (if possible) the 

result of each of the following operations: 


(a 1 0 + (-2) 

0) 7 + 0 

c 9 a x 

d x x () 

( e 1 (• 7) x x 

* (- x)+ 12 

9 x + x 

h x - 5 - x 


Limit of a function at a point: 

Activity 


Study the values of the function / where fix) = 2 x + I when .t close to 2 from the next 
data: 


x > 2 | fix) 

2.1 

5.2 

2.01 

5.02 

2.001 

5.002 

2.0001 

5.0002 

i 

4 

jr -> 2* 

fi2*) ^ 5 


x < 2 

fix) 

1.9 

4.8 

1.99 

4.98 

1.999 

4.998 

1.9999 

4.9998 

4 

4 

x 2 

fi2 ) - 5 



We see that: 


when x approaches to 2 from the right and from the left then. ./(.*) approaches to 5. We express 

that mathematically as *' m (2v + I) = 5 and the graphical representation of /'illustrating that. 

x -» 2 

If the value of the function fix) approaches to the real number / when x close to the real 
number a, then hm fix) = / 

or -. a 

And it is read limityU) when x approaches to the real number a equals / 
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Limits and continuity 





Example 


Estimating the limit (The limit is equal to the value of the 
function) 


2 Estimate L*" 1 (2 - 3.*) graphically and numerically. 

x—2 

o> Solution 

Algebraic: The linear function : y = 2 - ix represented graphically 

as the opposite graph: 

From the graph we see: 

When x -* 2 thenar) -* -4 

i.e Lim (2 - 3 jc) = -4 
x-»2 

Numerical: Form the table of the values fix) by choosing .* values 
near to the number 2 from the right side and the left side as follows: 



X 

2.1 

2.01 

2.001 

» 

2 

♦ 

1.999 

1.99 

1.9 

/U) 

-4.3 

-4.03 

-4.003 


-4 

4 

-3.997 

-3.97 

-3.7 


> From the table when x approaches to the number 2 from right and from the left. The 
values of fix) approaches to the number -4 

Q Try to solvo 

( 2 ) Estimate the following limits graphically and numerically: 


(A Lim (i .3*) 
jr-2 


B Lim (jf 2 . 2) 

x-0 


^ BitMipIo E s t i m at i n g the limit (The limit isn't equal to the value of the 

function) 


3 Estimate graphically and algebrically Lim 

x—2 

O- Solution 


j**-4 

x-2 


r 2 A 

Graphically: The opposite figure represents ‘.fix) = ~ 

where x # 2. 

From the graph we notice that when x -* 2 then J[x)~* 4 
then: L'm = 4 


x—2 x-2 

Algebrcally: form a table to the values/}.*), by choosing values of.* closer to 2. 



X 

2.1 

2.01 

2.001 

4 

2 

4 

1.999 

1.99 

1.9 

fix) 

4.1 

4.01 

4.001 

» 

4 

4 

3.999 

3.99 

3.9 


> The table shows that/}.*)-. 4 when x- 2 from the right and from the left. 


From the previous example we notice that : 

1 - The hall on the graph represents unspecified quantity (-jj-) , at x - 2 
2 - It is not necessary that the function is defined at x = 2 to have a limit as x » 2 
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Q Try to solvo 

3 Estimate graphically and algebrically the limit of each : 


A Lim I 
,t-» 2 x+ I 


B Lim x 2 - 2x -3 
or-*3 -**3 


C Lim _!_ 
JT-.3 x 


Using of technology to find the limit of a function at a point (graphic calculator) 

Activity 

Use the graphic calculator to draw the curve of the function /, then estimate the limit of the 
function at the specific point. 

1 ) Ax) = x 5 when x — * zero 

2) fix) = ( - x - * - ) - 2 when x * I 

x - I 

• 

3) /lx) = sin - r when x » zero 

x 

We can use the graphic calculator or a graphic program like ( Ceogebra ) in a computer or in 
a tablet to draw the function curve as follows: 

1) Using the graphic calculator, represent the curve of the 

function f whereat) =jr 3 

From the graph Lim J{x) = zero 

jr-0 



2) Using the graphic calculator, represent the curve 
of the function / where 

/(x) = (^L) - 2 

X‘ I 

From the graph Lim j[ x ) = | 

x— I 

Note the hall at the point (I , I)) 



3) Using the graphic calculator, represent the curve of the function 
/ where: 


1 

2 


Ax) = 


_ sin x 








► X 


From the graph Lim sin x = \ n 

JT-0 x 

1 1 1 1 

We conclude from the previous activity: 

The existence of hm j[ x ) doesn't necessary mean the function be defined at x = a 

X-n 

Creative thinking: If the function / is defined at x = a does it mean that it has a limit at a. 
Explain your answer. 
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Limits and continuity 



Exercise on the activity: Using the graphic calculator or with a graphic program in a computer 

or a tablet, estimate all of the following: 

a Lim ( 2 - *2) b) Lim -fVH c Lim Sin3jr 

Jf-0 jc—-2 x+ 2 x-,0 x 




^ y Exercise* 3-1 

l) Estimate the limit of each of the following functions as x * I 



(b) 


/ 2 <*> 



c . 









4 




































/« 







'.1/ 

/-I 

0 ' 

1 2 

1 

! 

! 

► * 


r 











2 , Estimate the limit of each of the following functions at the indicated point: 
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■0 From the opposite graph , find 

a Lim fix) 
x-3 

b JO) 


From the opposite graph , find: 

a Lim fix) 
x—-2 

b A~ 2) 

c Lim fix) 
x-0 

d AO) 

From the opposite graph , find: 

a Lim (2 - x 2 ) 
jr-0 

b AO) 


From the opposite graph , find: 

a Lim x * * ^ 

X-.-2 x+2 

( b A- 2) 


8 From the opposite graph , find: 

(•3/(0) (b Lim fix) 

JT-aO 

0 /( 2) Id Lim /(JC) 

x-»2 





3 , 

, 


._n 
















1 













rr 




2 - 

'? 



Li 

! 

1 i 

> 














1 

1 














f A 

r) 

/ 






A 












• 




























, 

6 - 

5 - 

4 - 

J - 

2 - 

O 


1 


1 


















' 

- 









, 

/(X) 
















/ 








,/ 









7 



\i 

\ 


» 




/ 

-2 







I 

ri 








/ 









/ 


, 






yw = 2 - .r 2 


X 
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2.1 


9 Complete the following table and deduce lira J[x) where yix) = 5 x +• 4 

x->2 



1.99 

1.999 

« 

2 

> 

2.001 

2.01 





9 





!ja Complete the following table and deduce lim (3 x + I ) 

X -.-1 


- 

- 0.99 

- 0.999 


- 1 


- 1.001 

- 1.01 

1 1 




9 






11^ Complete the following table and deduce lim JE_! 

X --1 •*+ 1 


X 

■ 0.9 

- 0.99 

- 0.999 


- 1 

» 

- 1.001 

- 1.01 

Ax ) 





t 





\2, Complete the following table and deduce lim _i_£. 

x-,2 x 1 -* 



1.99 

1.999 


2 

» 

2.001 

2.01 

1 1 




f 





J3 Use the graphic calculator or a graphic program to estimate the limit of all of the following 
then check your answers using guiding values. 

(a) Lim (3x-4) b) Lim (x 2 -4) 


x-2 

c Lim 

x 3 + 1 

x-l 

d ] Lim 

x 3 +8 

jc — • - 1 

x+ 1 

jr— 2 

x2-2 

(e Lim 

(x + Sin x) 

f) Lim 

sin*-* 

jr 0 


X -0 

X 

9 Lim 

1 

h Lim 

i 

*0 

X 2 

x-0 

1 X 1 
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You have learned how to find the limit of a function graphically or 
numerically by studying the values of the function near x - a. Here 
are some theorems and corollaries that help in finding the limit of a 
function without making a graph or studying the values of the function. 


Activity 


Use one of the graph programs to graph each of the following function 

on the same figure: 


/,(*) = ** ' x ~ 2 - ,/ 2 (jr) = jt + 1 
1 x - 2 

What do you notice? 


Find: Lim f (x ) , Lim f ( x ) 

x-2 x-2 


W hat do vou conclude? 

w 


^ Learn 



Limit of a polynomial function: 



If fix) is a polynomial , a e R 

Then: lim fix)=fia) 
jr-*a 


% Ex.mp,. Dire< . t sub5titu , ion 

( 1 Find each of the following limits: 

(a | Lim ( x 2 - 3or + 5) 
x—2 

(b Lim (-4) 

X-.3 

O’ Solution 

(a | Lim (jr 2 - ix + 5) 

jt-»2 

= 4 - 6 + 5 = 3 (direct substitution) 

b| lim (-4) = -4 fix) a -4 is a constant 
jc-.3 

function for all .r e R 


Ll 


9 ) Remember 


The function / is 
called polynomial 
function if it is at 
the form 

fix) = c f + c,jt ♦ c^ 2 
... + c x n 

n 

%%here: n € N f 

zero, 

Cq ♦ c | f c. E R 


You will learn 



► The limit of the polyno- 
mial function. 


* Some of limits theorems 


» Find the limit fa function 
using the long division , 

► The theorem 

lim m ** -■ *" = na 0 * 1 

x- a 


Key terms 



> Limit of a function 


* Polynomial function 
» Direct substitution 
► Factorization 


► Synthetic division 
» Conjugate 


Materials 

» Scientific calculator 
» Graph programs com- 
puter 
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Unit (3): Limits and continuity 


f 




Try to solvo 

(l) Find each of the following limits: 

(a) Lim (2* -5) 

*-.3 


> If lim fix) = / 
or -.a 

1- lim kfix) = k.l 

jr-»a 

3- lim fix) . g(x) = /. m 

jr-»a 

5- lim (fix))* = /" 

x—a 


C& Example . 

w Using theorem 

2 Find the following limits: 

a Urn 3* + 7 

x-a-l x 2 + 2x - 5 

0> Solution Lim (3jr + 7) 

a Lim 3x + 7 


b Lim 

X-.-2 

(3x 2 + x - 4) 


c Lim (7) 

x—-2 

* 

lim £(jr) = 
jr-»a 

m 

then: 

where 

keR 2- 

lim 

x-.a 

l fix) ± g(x)\ = / ± m 


4 - 

lim 

JT -a a 

■¥). - * where 1 
x(x) m 

w here / n 6 R 




b Lim (V 4.r 2 - 3 ) 

jr -,-2 


JT-.-I 


x _. i x 2 + 2x-5 Lim (x 2 + 2x - 5) 

jt — • — I 



(b) Urn V 4x 2 -3 = J Urn (4 2 7 ) 
x-*~2 jc-.-2 

Try to solvo 

[ 2 ] Calculate the following limits: 

( a ) Lim ~ 3 
x—2 2*+l 


_ 3 x -I + 7 _ A - 

“ (-I) 2 + 2 (-1) - 5 ” -6 “ 3 

= V 4<-2) 2 - 3 = V 16 - 3 = /B 


b Urn V 2r2 + 1 
x -»-2 


Finding the limit of a function at cases of unspecified: 


To find Lim fix) where yt.tr) = l ~ * x ' ~ using direct substitution 

we get one of the cases of the unspecified , The opposite graph 

zero 

shows the graphical representation of the function / and we see that 

Lim fix) = 3 So we search for another equivalent function to the 

x— I 

function / let it g where g(x) = x + 2 which obtained by cancelling 
non-zero common factors in the numerator and denominator. 
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g the Limit of a Function Algebraically 13-2 




> If/f.r) = g(x) for all x 6 R - { a } 

and if lim g(x) = / , then lim fix) = / 
.r-a v—a 


Example ... _ . 

w Using Factorization 

3 Use factorization to find the following limits: 


a Lim v< * * 
jr^l 

o Solution 


b Lim ** - 2r 2 -»• 1 
.c-« 1 x 2 +x-2 


• We notice thatyf.r) = 1 * ' * unspecified at x = I 

x - 1 

Factorize and canceling the non zero common factors then fix) 
can be written at the form. 


flx) = 


if^T) (x 2 + x + l) - 

= .v 2 + x + I = g(x) 


<j>0 


thenyfa) = g(.r) for all x # 1 

V Lim #(*) = 3 
jr— I 

and according to theorem 3 , Lim fix) 

, . JT-.I 

jr-’ - I _ 


= 3 


Lim 

jr-l 


x- 1 


= 3 


Long division method 

b We see that the numerator function fix) = 0 when x = I , 

also the denominator function g(.r) = 0 when x = I 

(.v- 1 ) is a common factor of the numerator and denominator. 

*.* The numerator is difficult to be factorized into factors containing 
(jc - 1 ). So we use the long division to find the other factor of the 
expression jr 3 - 2x 2 + I as follow: 


Jt- 1 

x 3 • 2x 2 

+ 1 

X 2 *Jt- 1 

X 3 - X 2 



• 

O 

4- 1 

- x* + x 


0 - jt+ 1 


- x+ 1 


zero 




In the long division : 

1 ) Terms of both 
divisor and 
divident should 
he arranged in 
ascending or 
descending order. 

2) Divide Ihe first 
term of the 
divident by the 
first term of the 
divisor. 

3) Multiply the 
quotient by 
the divisor and 
subtract the 
result from the 
divident to get the 
remainder . 

4) Repeat the 
steps 2. 3 until 
you finish the 
division. 
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Unit (3): Limits and continuity 



We can use a simple method to perform the division process called synthetic 
division: 

In this method we use the cofficients of the polynomials: 


Step 1 : write coefficients of dividend arranged vaiueofi i| I 
descending and let the divisor = zero to find 
value of jr : 


step 2: leave 1 st coefficent and multiply the first 
coeffient by the value of x and write the result 
down the 2 nd coeffient then add. 



I < — coefficients 
1 


I; repeat the multiplication and addition 
operations, you will find the cofficant of the 
quoients I , - I , - 1 
i.e. the quoient x 2 - x - 1 

x 3 - Zx 2 + 1 =(x- l)(x 2 -x- I) 


I 


0 I 


□inmi 


1 f u »l l T 1 -l 


-1 1 


0 


Lim 

x-. 1 


(or - I ) (x 2 - x - I ) 


(x- l)(x + 2) 

Try to »olvo 

( 3 ) Find: 


= Lim 

x- 1 


x 2 -x- I 

x + 2 


i 

“'3 



a Lim 
X-.-2 

c Lim 

x-2 


x* + 8 
x + 2 

x* - x 2 - 5x + 6 
x-2 


b Lim 
X-.4 

d Lim 
x-»-3 


2x-8 


x 2 - x • 12 

x- 1 - IQx - 3 
x 2 + 2x - 3 


^ E"*™ 1 * 1 * Using the conjugate 

( 4 Find the following limits: 

/7T - 1 


a Lim 
X-.4 

o- Solution 


x - 4 


b Urn £ • 3x 
x-,5 J x + 4 - 3 


a notice that: /(x) = 


Vx-3 - 1 

x - 4 


unspecified at x = 4 


So we should eleminate the factor (x - 4) from both of numerator and denominator. 

x - 3 - I 

1 _ — x ' ~~ ~ = urn 

x—4 


Um ~ 1 y ^*-3 + I _ Lim — 

Jf -4 Vx -3 + I x -.4 (X- 4 H/TT + I) 


iilil 


= Lim 

(X-4KVTT + 1) 

= Lim 
x-»4 
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the Limit of a Function Algebraically 13-2 



b Lim v2 ' 5 v = Lim ~ 5 v 



+ 4+3 


_5 /ITT - 3 jr_5 Vx + 4 -3 V x + 4 +3 



Lim ** - S) + 3 > - Lim ** - 5X/7TT + 3) 


jc— .5 


or + 4 - 9 


0C-.5 


(Jt-5) 


= Lim x(/7+T + 3) = 5 (3 + 3) = 30 
X-.5 



Try to solve 

4 Find the following limits: 

VTT-2 


a Lim 
X-.5 


x - 5 


b Lim 
x-,-1 



El If the function / at the form / (or) = A " ' a " then Lim A " ' an = n a" * 1 

X - a - ~ r . a 


x—a 


x - a 



Ask for your teacher’s help to search on the Internet for methods to proof theorem (4). 

4^ t itampla pj nc | j n g the limit of a function at a point using theorem (4) 


x 4 - 81 


5 1 Find Lim 

x-.3 ** 3 

o Solution 

Urn * 4y * = 4<3) 3 = 108 


x-l 


x - 3 



Corollaries on theorem (4): 

1- lim i£±«>ll«l = na"‘ l 
JT-aO 1 


2- lim * n ~ a " = JL a nm 


.v-+a 


.V™ „ a m m 


Example 

6 Find: 

( a ) Lim + $)* ~ 625 
X-.0 x 

c Lim fr’ 4 >» + ” 


x-2 


x- 2 


b Lim ■ v< 
x-»2 -* 1 - 4 


d Lim 
x-. 16 


^-32 

T - 64 
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Unit (3): Limits and continuity 


o> Solution 



Lim 

x-0 

(x + S) 4 - S 4 _ 

X 

Lim 

x-2 

x 5 - 2 5 _5 
x 2 - 2 2 "2 

Lim 

x-2 

(x - 4? + 32 

x-2 

Lim 

x-4 16 

fj-n _ 

J~x* ~ 64 


= Urn 


<x - 4)* - (-2)-' 



Try to solve 


X Find: 


( a Lim • v ‘ > * ft 25 
x— -5 x + 5 

Creative thinking: 

If Lim 64 = l 

x-2 *‘ 2 


x-2 (x - 4) • (-2) 
= 5 C-2) 4 = 80 

Lim 

x-» 16 x 2 -(l6)* 

4-x(16$‘$)«fx i 6 4 
2 n 

2 


12 


b Lim 
x— 16 


- 128 
x- 16 


What is the talue of: n , t 


f 


o 


Notice 


I6^ = (2 4 )^ = 2 4 * 
= 2* = 32 

thus : 

16* = 64 


c Lim ^ x + 25 - 2 
x—1 X’ 1 


Complete: 



Exercises 3*2 


Choose the correct answer from those given: 

(?) Lim ^ ~ ) equals: 


X--I 

« -3 


x + I 


b 1.2 


c 3 




Lim 

x-2 

(3x - l) = 

® 

Lim 

x—1 

x- 3 

a MMieMOtMWMtO 

x + 1 

® 

Lim 
x— 0 


Lim 

x-2 

x 2 - 4 

x - 2 

® 

Lim 
x— a 

or 5 - a 5 _ 
x- a 

® 

Lim 

x-2 

® 

Lim 

x—1 

® 

Lim 
x *2 

x- 1.21 _ 



x 4 - 1 

x" J - 2' 




x 2 -x 


xmi iwi ioo 


x - 2 


d has no limit 
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9 'to 



ig the Limit of a Function Algebraically 


3-2 



^ Lim equals: 



fa 








Os 


a 1 


b f 

c 1 
71 

d has no limit 

Lim 

JT- 1 
• £ 

equals: 



1 .16 

x - 16 




a zero 

-»1 

C 1 

d has no limit 

Lim 

Lin i ^ 1 , 315 . 



x~i 

X 




• 0 


b i 

c ± 

n 

d has no limit 

Lim 

* 5 - 243 

equals: 



x-3 

x J -27 




• 0 


(b )2 
^ 3 

c 15 

(<0 9 

Lim 

•**-4« 

exists then a equals: 



x -2 

x - 2 




(a -1 


b 1 

c 2 

c«o 4 

Lim 

5 

equals: 



x -2 

(x- 2 )-' 




(•!-§ 


b zero 

c 5 

d has no limit 


Find each of the following limits (if exist): 


Lim (x 2 -3x + 2) 
x-3 

^ Lim 
x— 2 

x J + 1 

JT- 3 


19 Um 

x— * 

Cos 2x 

X 

^ Lim 

X--I 

x+ 1 

JT 3 + 1 

$1) 

Lim 

x-2 

x*-7x + 10 
jr 2 - 2 jt 

1 1 

^ 3 ) Lim 

x--l 

x 1 + dr + 5 
x 2 - 3jt - 4 

» 

^ Lim 

X — 0 

2+x ' 2 

26 Lim 

x--2 

x + 2 


X 

x «- 16 

^ Um 
x-,2 

x } + 3x 2 - lit + 4 

^ Um 

Jt— 4 

i 3 - 4.t 2 - jr + 4 


jc' - 4.t 

2r 2 - 7x - 4 

^l) Um 
x-,2 

x 5 - 32 

^ Lim 

x -2 

jr *« - (16) 2 


JT- 2 
x* . — 

512 

x-2 

& - 125/5" 

x*-JB 

Si Um 

x -,2 

@ Lim 
x-/T 


x -2 


Lim ( lx - Sin jr) 

n 

7 


X—9 x 2 - 8 l 


+ /T- 12 


x-9 


x - 9 


x — I 


2 

Jt 


X 2 - X 
X - 1 


x 2 -9 


) 


x _3 x* - Zr 2 + 2x - 15 

i ; m VT - I 


JT-* I *' 1 

I am /T * 3 


x^81 *-*l 
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Lim 

x-»2 

x 1 - 128 
x»-32 


Lim 

X-.6 


Lim 

x-,2 

(X - 3J 6 - 1 

jr-2 


Lim 

h-0 


Lim 
h .0 

(3 + hy»-8l 
6h 


Lim 

JC — -1 


Lim 

X-.3 

✓7TT-2 

^jt + 6 • 3 

@ 

Lim 

JC — -1 


Lim 

1 

l *-l xM ' 


Lim 
jc— -2 


<x - 5) 7 - 1 


IJm V x + 25 - 2 

x - 6 

x-*7 

(jc • 2h) 17 -x 17 


Urn 1 

51 h 

jr-a-3 * 5 +243 

SxHT-3 

X + 1 


lim V^ + 7 -2 

x-*-3 x + 3 

x 2 -x-2 
JC+ 1 


Lim (^' " * 

jr-*0 

x 2 + 4x + 4 


Urn V2t+I 

x* + x 2 - 8x - 12 

X-.4 



Activity 




12 Volume A piece of cardboard in the form of a square of side length 24 cm is used to make 
a box without a lid by cutting four squares each of side length x cm around the four corners 




1 ) Draw the figure of the cardboard. 

2) Prove that the volume of the box is given by V = x(24 . 2 x) 2 

3) Find the volume of the box when x = 4 by studying the values of the function when x -* 4 

using the following table : 


X 

3 

3.5 

3.9 

- 

4 

- 

4.1 

4.5 

5 

fix) 






4 — 














4) Use one of the graph programs to graph the function and verify the maximum value of the 
volume at x = 4 

Creative thinking : 

If lim A-*) ' = 

jr -*2 "2 

^ If lim JLlL = 5 

jr -,0 * 2 

(A lim f(jr) 


I find : lim f(x) 

x-2 

find : 

B lim ** v * 


3 5, Trade: A company found that if it spends x L.E for advertising one of its production, its 
profit is given by the function fix) =0.2 x 2 + 40 x + 1 50. Find the profit of the company when 
its expenditure approaches to IOOL.E. 
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3 - 3 


In many life applications, we need to know the behavior of a function 
when x ► * the next activity illustrate that. 



Use one of the graph programs to 
represent the function f where : 

Ax) - — . x > 0 

x 

What do you notice from the graph 
when x . oo ? 



From the graph we notice that: 

> When x increase and approaches to » then fix (approaches 
to certain number. 


Complete the table to find the number that A x ) approaches to fix) 


X 

10 

100 

1000 

10000 

100000 

X X 

Ax) 

0.1 

0.01 




JC - ? 




Learn 


Limit of a Function at Infinity 

From the previous activity we find that when x approaches to 
Infinity, the values of fix) approaches to zero. 



lim _L = 0 

X-+ * x 



lim 



where n € R*, a is constant 


Some basic rules : 

> lim c = c where c constant. 

or-*® 

lim 

> If n is a positive integer then jc n = <» 

Notice that: theorem (2) which studied before which relating to limit of 
the sum, difference product and quotient of two functions when x -> a is 
correct when x -► » 

Student book - first term 


You will learn 



» Limit of a function at 


infinity 

» Finding the limit of 
a function at infinity 
algebraically. 

► Finding the limit of 
a function at infinity 
graphically 


Key terms 

► Limit of a function at 



infinity 


Materials 

► Secientific calculator 
» Graph programs. 




A I 






Unit ( 3 ): Limits and continuity 


/ 


Example 

(T) Find: 

( a ) Lim (_L ♦ 3) 


*-a» 


b ) Lim (4 - — ) 

JT* 




> Then check your results using one of the graph programs. 


o Solution 

( a ) Lim (_L ♦ 3) 


x—<* 


= Lim 
x-.* * 

=0+3=3 


J_ + Lim 3 


JT-.X 


I 


Lim (_i_ + 3) =3 

JC-.* x 


Lim (4 - 
x-x x 2 


3 ) = 


= 4 - 


Lim 4 
3 Lim 


Lim A 

* x 2 


jr 

J_ _ 

.t 2 


= 4 - 3 x 0 = 4 


•\ Lim (4 - A) = 4 

* 



Try to solve 

CO Find: 

( a ) Lim (JL + 2) 

X-»x x 

Example 

2 Find: Lim ( 4 X - x 3 + 5) 
jr-.* 

o- Solution 

Lim jr 3 ( - 1 + _L) 

,r_* J*» x 3 


= Lim jr 3 x Lim (_£_-l+_5_) 


( b ) Lim (_L + 5) 

x 2 




X-a* JC-** 

S X X -1 S -00 


3 
















7 




















t , 










4 . 










1 





































4 a 

3 - 

2 - 

1 




* 














































7J 
















































J 7 J 










1 J 














. 


4 - 

3 « 

2 - 

.1 J 



2 


1 















. 

4 , 

* 

















1 












/ 








1 


/ 















4 < 

3 • 

2 -1 

1 


| 


, 

j 

* 
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Limit of the Function at Infinity 13-3 



Try to solve 

( 2 ) Find each of the following limits: 
a Lim ( jr 3 + 7jr 2 +2) 

jt-** 

Example 

3 Find each of the following limits: 

2* - 3 


( b ) Lim ( 4 - 3ar - * 3 ) 

X — x 


ix 2 + 1 


b Lim 

X — x 


2x 2 -3 
3.r 2 + 1 


c I Lim - v> ~ -1 

3.r 2 +1 


X — x 


a I Lim 

X — x 

o Solution 

Divide each of the denominator and numerator by x 2 (the greatest power of .tin the denominator). 


( a I Lim 

X — x 


Lim c-f— §■) 

2x - 3 _ JT _ * 3 * 

^ Jr2+ * Lim (3 + -®r) 

X—X * 


fix) 


_ 0-0 _ 


3 + 0 


= 0 


b Lim 

X — x 


2x 2 • 3 _ 


Lim (2 - -Jj-) 

X-»x 




1 



- — 

. .1 

/ 

1 i 

i ) 

r 


> 


/ 







I 

1 








l 






3x 2 +1 


Lim (3 + -t-) 

X-x * 

2-0 _ 2 
3+0 ” 3 


c Lim 

X — x 


2t 3 - 3 _ 


3jc 2 + I 


Lim (2x - -4-) 

X2 

JC-a* 

Lim (3 + -!-) 

X2 

JT-a* 


x - 0 


3 + 0 


s X 


From the previous example, we can conclude that when finding 
lim >u * where f(jr) , g(Jt) are polynomials then : 

g(.t) 



X — x 


The limit equals a non-zero real number if the numerator and the denominator have 
the same degree. 

The limit equals zero if the numerator’s degree is smaller than the denominator's degree. 
The limit gives ± * if the numerator's degree is greater than the denominator's degree. 



Try to solve 

X Find: 

(a) lim 5 * 2 - + 1 

2x 


b lim 

X — x 


4x 3 - 5x 


Kr* +3.r 2 -2 


c lim -<* 2+ 1 
x—x 3x2 + x - 2 


Student book - first term 
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Unit (3): Limits and continuity 


f 


Example 

4 Find the following limits : 


a lim 

O Solution 

a lim 


x*-2 
I -r I ' 4-1 


b lim ( x - V r 2 ♦ 4 ) 




X-a® 
V X - 


x 3 - 2 
lxl 3 +l 

— b X 


x > 0 then Irl = x 
lim m ** m 2 


X-»x 


r 3 +1 


Dividing both numerator and denominator by x 3 


= — i 


lim (| . _L) 

_ I -0 _ 


- x 


H® (I +-fr) 

i* 


1 +0 


= 1 


(b) lim (x - V jc* ♦ 4 ) 


X-a* 

= lim 

X-»* 


I 

= lim — ~ y2 " * - 
x-a* x + / x 2 + 4 

= lim 

X-a® X + V X 2 + 4 
V X - * 


(x -V x 2 + 4 ) (x+7 x 2 ^4 ) 


(Jf W at 2 + 4 ) 


K*) 




Jlx) -v - V or 2 + 4 


or > 0 ► ✓ = Ld = x 

Dividing both numerator and denominator by x 


• • 


lim -* 

x-a* x + <] x 2 + 4 


Try to tolvo 

4 Find the following limits : 

x- 3 



(a lim 


x-.x v' 4*2 + 25 


lim . 

A x 


_ 0 _ 


lim (| + J 

i* 


i +4-) 


i + 1 


= 0 


(b lim (V 3jt 2 + 5.r -/Tjt) 


X-a® 
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Complete the following : 


CO 

lim 

+ 

* 

II 

CO 

lim 

(_L-2) = 

X 2 

JC-*« 

X-»* 


lim 

(-7) = 

® 

lim 

( X 2 - 3t = 

x-»* 


X-*x 


CO 

lim 

2 x +1 

CO 

lim 

x 3 * 5 _ 


X 


j:-** 

x 2 -*- 1 

CO 

lim 

+ 

u» 

II 

® 

lim 

3jt 

JC-*X 

jt 5 - 5 

jr-»* 


CO 

lim 

X — * 

u» 

+ 

II 

t 

• 


lim 

x-.* 

( ✓ X* + 1 -x) = 


Choose the correct answer from those given: 

3ly lim — — equals 

** x^« * + 3 ^ 


(a)o 


b 

2 



c 3 

(<*; 

+<X 

@ lim 
x-»« 

J—+ 1 equals 







(a 0 


b 

1 



c 2 

- 

+OC 

@ lim 

X-.* 

x +3 

equals 







2 -x* 







(*) 0 


b 

V. 

ll 

2 



‘ 1 

<« 

+O0 

^ lim 
x-.« 

x 2 + 1 

equals 







2x - 1 







( a J 0 


/r 

b 

1 

2 



c 1 

<« 

+OC 

@ lim 

X-.* 

/ I+* 







i 4x - 1 








(a) -1 


b 

ll 

4 



(c i 

(d) 

1 

Find 









^ lim 

X-.* 

3 




lim 

(x 3 + 5x 2 +1) 

1 8 lim 

jc-»* 

2 -lx 

x 2 



X-#* 

2 +3x 

^ lim 

0f-*« 

X* 




lim 

4x 2 

lim 

X-.* 

5 - 6x - 3x 2 

jr +3 



.t-** 

x* + 3 

It 2 +x +4 



T 








Lim (V 4.r2 - 2 jt + 1 - 2 jr) ^ Lim (✓ 5.t 2 + 4 .t + 7 - V 5.r 2 + t+ 3 ) 


Lim 

jt-.dc 

Lim 

JT-.* 


2* - I 


v- + 4.t + I 

2*2-6 

(-r-1) 2 


^8, Lim (. 


3*2 


i-.* 


2v+l 


<*-3)2 






® Lim j-r — r 

J _x V4+Jt2 


*3-2 


Lim _ 
jr-.« 3* 2 + 4* -I 

Lim (7 + ^ * 2 

JT^DC (* + 3)2 


- * 


^4) Lim 


2r 2 -l 


*_« 4* ' - 5* - 1 


) §7) Urn (, 


I 


5* 


*-.oc 


3jc2 2+* 

Si Urn *3 • 4 *+ 5 

jr — ♦ do (ir-l ) 3 


) 


JC-*x 


^ Lim * (V 4jt 2 + 1 -2*) 

JT-»ac 

Si Lim (* + 2)\3 - 2r 2 ) 
*^« 3*(*2 + 7)2 


JT -• * 


<2s Urn * 2 + *- 1 




JT-.DC 


8*2-3 


/\ , . 4 - Jjt 3 

35. Urn _ 

X-.oc Vx* + 9 


$7, If Lim (V ar 2 + 3 bur + 5 - 2t) = 3 find the value of each of a. b. 

JC-.00 


Si Lim * 1 + 3* 2 + 5 

W V2.r3xl 


Si Lim 1* ‘-3* 2 +*3 
jr_oo 4*' + *-' 


40 Creative thinking : One of the companies produces greeting cards with initial cost of 
5000 L.E. and extra cost of a half pound for every single card. If the total cost is given by 
C = x * + 5000 where * is the number of produced cards. 

Find : 

(l) The cost of the card when the production is: 

(0 10000 card b ) 100000 card 

The cost of the card when the company produces an infinite number of cards. 
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Activity 

a 

If/ is a function where fix) = -51ILL , and the required is to study 
the values of the function / when x -* 0 (or is the measure of the 
angle in radians). 

Make a table to study the behavior of the function fix) = 
when x approaches to zero using radians 



You will l«arn 



* The limit of the sine 
function. 

► The limit of the tangent 
function 


X 

i 

0.01 

0.001 

- 

0 

«- 

-0.001 

0.01 



• 1 

sin .t 
X 

0.8415 

0.9983 


- 


- 

wiiMMliai 

0.9983 

0.8415 


From the previous table deduce 



Learn 


■\ 


Lim 

JT-.0 


sin x 

x 


Key terms 



> Trigonometric Function 
Limit of a Trigonometric 
Function 




If x is the measure of an angle in radian then : 


lim sin x = | 
x—0 x 


lim = | 

jr-0 x 



Materials 



► Scientific calculator. 


► Graph programs 


Oral discussion: 

If jc is the measure of the angle in degree measure, can we find 

Lim sin _ Explain your answer. 
x-»0 * 

Corollary 1: 


Lim s ' n a I = a , Lim ■ tan a r 
x—0 x x—0 x 



Add lo your^ 
Inlormallon^ 


This theorem has more 
than one proof you can 
check that uvting the 
link: 

http://math. 

stackrschange.com/ 

queMkm/75130 


Student book - first term 
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Unit (3): Limits and continuity 


Example 

® • Lim 
X-.0 

c Lim 
X-.0 


sin 3 jt _ ^ 
x 

sin 5 x cos 2 x _ 




I 


b Lim lan = j- Urn ton ** 
x-»0 T* 7 JC-.0 * 


Lim s ‘ n ^-V x Lim Cos 2 x = 5 * I =5 
x-0 x x-0 



Try to solve 

(l) Find: 

( a ) Lim s ‘ n 2* 
jr-.0 3 jt 

Corollary 2 

a Lim l .. ' . co&c 
X-.0 * 


Lim ,an ^ 
x-0 


5 x 


c Lim 

x-1 


sinff x 

I - x 


= zero 


Ask for your teacher's help to prove corollary (2) 


Example 

2 Find: 

(a) Lim 1 cosjr 
x-0 

o- Solution 


b Lim 1 

x* 


X-.0 


Lim 
jc _ C) 


b 


Lim 

x^O 


tan t 


x-0 

1 - C05U _ 

Lim 

1 - cos* 

tan x 

x-0 

jr 

1 - COStf 

v X 

.-Ox 1 

X 

(an jt 

1 - coor w 

1 + C05U 


X * 

1 +COSX 



tan x 


= Lim I - cos 2 .r _ y m 


sin J x 


j_0 + com) 

Lim 

X-.0 X 2 


jr_0 x^l+cosx) 


Lim 


I 


.t—0 I + co&t 


= (l)2x 


I + 1 


.1 

“2 




- 

S' 



2 
t . 






« 


.1 




12 1 


9 ) Remember 


sin 2 * + cos 2 * = I 



Try to solve 


Os 


v2; Find the following limits: 


( a ) Lim 6x 2 esc 2x cot x 

jt—O 


b Lim 1 - cos x 
jr-.0 «« 2x 
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/ '4 



onometrie Functions 


3-4 



% Example 


3 Find the following limits : 

■x* - x + sin jr 

lx 

sin (I • cos .t) 


a lim 

c lim 
x -*0 

o Solution 


1 - cos X 


c Lim sin(l - cos x) 
*_<) 1 - cos or 

let 1 - cos x = v 


when x - 

— ► 0 then y * 0 

Lim 

sin y _ | 

i 

0 

y 

Lim 

sind -cosjt) _ • 

JC-.0 

1 - COSJT 



Try to solve 

( 3 ) Find the following limits 



lim 

lim 

jr—O 


-t+ x cos x 
sin x cos x 

sin 2 3jc 
5.< 2 



Lim 

JT-.0 


x + x cos x 


0 ) 

sin x cos x 

dividing both of numerator and denominator 

1 + cos x 


by x = Lim 
x^O 


sin x 


x COS X 


Lim ( 1 + cos x) 


Lim 

x^O 


sin x 


*cos X 


_ 1 + cos 0 _ 1 + 1 _ 2 
1 x cos 0 1 



8 1 

lim 

sin 3jt 

b 

lim 

x-0 

5 x'-4x 

jt-0 

c 

lim 

sin 2 jt 

d 

lim 


T-.0 

3 Jt* 


X-.I 


x sin Zx + sin 2 Zx 
tan 2 3x + x 2 
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Exorcises 3*4 




Complete: 


© 

© 

© 

© 

© 

© 

@ 


Lim 

COS 3 X = . „ ... . m . - T . r - — r~TT Tf T rtf TTT1 — T ~ 

(?) 

Lim 

sin 2 x = 

x-0 




Lim 

tan x = 

© 

Lim 

sin 7 or _ 

x-0 


x-0 

X 

Lim 

tan J* = 

© 

Lim 

sin (or - 5) _ 

X-0 

4x 

jc-*5 

3 (x - 5) 

Lim 

sin Jlx _ 

© 

Lim 

sin 2 jr _ 

jr— 0 

lx 

x-0 

X 2 

Lim 

3 + 2x _ 

® 

Lim 

1 - COS X _ 

x-0 

cos Ax 

x— 0 

3-r 

Lim 

2x 

® 

Lim 

3 r rv 2r = 

x-0 

Tan 3x 

x-0 


Lim 

sin 2 lx _ 


Lim 

sin 2 x tan 3x 

x-0 

3 x2 

x-0 

4x2 " " " 


Choose the correct answer from those given: 


8 

lim 

sin 3 or _ 



x-0 

JC 




• 0 


b) 3 

c 1 


lim 

tan Ax _ 



x-0 

5x 




a 0 


b i 

5 

(c I 


lim 

sin 2 x + 3 tan x _ 


x-0 

5x 




■ 1 



(Of 

® 

lim . 

tan 2 2 x _ 



x-0 

x sin 3 x 




* 9 


lb) l 

• § 

® 

lim 

sin i x _ 



x-0 

sin j x 




<•>* 


b)2 

8 

c i 
2 



lim 

x-0 


sin x 


X 



where x in degree measure 




180 

71 



« ! 

<i 2 

d | 

d ! 

d n 
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Find the following limits 


/ '4 



onometrie Functions 


3-4 




'ii) lim s ‘ n x 

*-.0 5* 

@ lim tanl * 

*-.0 * 




sin * 






& 


5j\ Mm *-*«** 
*_0 sin 2 3* 

lim *cog< -2*+l) 
jr-»| 






^ lim x ( csc2 x - cot 3 or) 

*-.0 


lim 

*-.0 

lim 

*-*0 

lim 

*-.0 


sin x ( I - cos *) 
*2 


sin 1 x 


( I - cos 2 *) 


lim 


$5^ lim ( 1 + cos .r) > 
*^-0 

sin 5* 3 +sin 3 5* 
*-.0 2 jt 3 

@ lim **' +* sin 5 * 

jr_0 j^-tan3jc 2 

41 lim tan 2* -1-5 sin 3 * 
x 2 sin 3 Jr - tan Sx 


1 - cos x 


lim 

jc-0 

lim 

x^O 


I ■ cos 3 jt 
cos 2 lx - 1 

tan 3 or 2 + sin 2 5 x 


@ lim sin (« n *) 
x-,0 5 sin* 


^3p lim 

jf-»0 tan* 

$$ lim 3( I - cos x) 

*-.() x 

$$ lim cos * * 

jr-»0 x 




26 lim 

*-.0 




» 






U 


u 






lim 

*-.() 

lim 

JT-.0 


tan x 


$$ lim cosy - 1 

*-.0 


lim 


lim 


sin x 


I - tan x 


lim . 
v # o siat - cos jr 


x 2 - 3 sin jc 
x 

tan 3jc 2 ♦sin 2 5jt 
j 2 

lim { 2* 2 + sin 3* ^4 

jr_0 2* 2 +tan6* 

U m I - cos* + sin x 

,r_0 I -cos*- sin* 

lim * tan 2* 
x .0 * 2 + sin 2 3* 

H m 2 - cos 3 * - cos 4 * 

*-.0 x 


1 - cos 3 * 


j_0 cos 2 5* -I 


*-.() cos (j - *) 
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You will learn 


► The right limit 


► the left limit 


r* Key terms 

► Right limit 

► Left limit 



Materials 


► Scientific cak. 

> Graph program 


Think and discuss 


Figure ( 1 ) : 

Represents the graph of the function /, such that: 
rx-l If x > 2 

yu) - 1 , ^ „ M) 

Est r 



3 -x 


lfx< 2 


> Discuss the existence of lim^ f(x ) 

x— 2 

> Discuss the existence of lim /(x) 

x— 2 

is lim f(x) = lim /(x)? 
x— 2 x-2* 

Figure (2) : 

Represents the graph of the function g. Such that : 
2 Ifx > 0 



g (x) = 


«<X> 


-2 


If x < 0 


Discuss the existence of lim g(x) 

x-0 

Discuss the existence of lim g(.c) 

x-0 

is lim g(x)= lim g(x)? 
x-0 x-0 



© 


Learn 


limit of a function 


The right limit and the left limit 

The limit of the function / when x tends to a equals / iff the right limit 
and the left limit when x tends to a are equal and each of them equals / 
where / € R : 

lim f x ) = / iff: /( a + ) = /(a ) = / 

X— a 

where 

/( a + )= lim + fx) 

X— a 

/(a ) = lim fix) 

JC-»a 
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stence of Limit of a Function at a Point 


3-5 


Illustrating examples 

a From the Figure ( 1 ) we notice that: 

/tf) = 3 = - 1 

The function has no limit when x * 1 

t> In the figure (2) we notice that: 

*-0-3 f(-l*) = 3 

/-O ■*-!*> -3 

Lim fix) - 3 

X-.-I 

Try to solvo 

1^ Study the graphs of the given functions then find: 





b /(!*) 


8 /(I ) 
b /( 1*) 


c Lim /( x) 
x-> I 


(c Lim f( x ) 
x~* l 

Example 

( 1 Find the limit of the function / when x 

O Solution 

Redefine the function, then 
„ { jrt-or)-l If x < 0 

A x ) = { 

IjL- 2 If x>0 



Fig (1) 




s 

1 f(X) 








N 



/ 




"444 , 

lA_ 

2 * 


Fig (2) 



a /(O’) 

( b ' /( 0*) 

c Lim / (x) 

x—o 


0 where /( jc) = 


jrld-1 
Lit 


If jc < 0 


-2 If or > 0 


—or 2 - I for all x < 0 
-I for all jr>0 


A 0)= Lim A*) = Lim (-x 2 -l) = -l 

X-.0 x-0 


/0 + ) = Liin - 1 = -| 

X-.0* 


V/0)=/(0*) = -l 


Lim / (x) 
x-0 


= -l 
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Unit (3): Limits and continuity 


f 



Try to solvo 

(2) If fix) = / U - 31 


JC# 3 
jc = 3 


find lim fix) (if possible) 

x-3 


Example 

( 2 Discuss the existence of the limit of the function /when jr — ► 0 such that : 


fix) = 


x 2 + 2x 

x 

x ± tan x 
3.t - sin2t 


If jr < 0 


If jc > 0 


0> Solution 

fiO ) = lim /* (jc) = lim + 2c _ |, m x ( x + 2) 


Jf-»0 


JT-.0 


= lim (x+2) = 2 
4T-.0 


JT-.0 


x tan 2 .t 
x 


fiO*)= lim < + tan x _ || m x x _ |j m 

jr-.0 + 3x*sin2t x-,0 3x sinZv *-.0 


I + 


tan 2 x 


3- 


sinlv 


_ I + I _ 


3-2 


= 2 


V /(O') =/(0 ) = 2 


•\ lim f(x) = 2 
x-0 



Try to solvo 

( 3 ) Discuss the existence of the limit of the function /when x — * 71 where 


fix) 


.1 


SIM 

x -n 


COS X 


If JC <71 


If jc > 71 


Example 

3 Discuss the existence of the limit of the function f when x ► I where: fix) - J x - \ 

O Solution 

V / (jc) is defined for all jr - I >0 

The domain of / (jc) is 1 1 + » | •* 


1 


V /(!*)■ hm fix) 

1 


.*./(l^) = lim /7 

I 


- I =0 


x— 1 x 

/( I ) is undefined because f ix) is not defined at the left of I 

.*./ (jc) has no limit to jr » I 


Try to solvo 

( 4 ) Discuss the existence of the limit of the function / when x ► 3 where / (*) = / 3 - x 
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Exercises 3*5 










Complete the following : 

1 In the opposite graph : 

A lim /( jc) = 

JC-.0 

B ) lim /( jt) = 

JC-.0 

^ 2 ) In the opposite graph : 

A lim f(x) = 

jr-»3" 

( B lim f(x) = 

JC-.3 


^3^ In the opposite graph : 

A lim fix) = 

jr-.-2 

( B lim fix) = 

JT-.0 

C lim fix) - 

D ) I'm fix) = 

x—-4 

( E ) lim fix) = 

jr—4 

4 The function /is defined on R such that fix) = 












2 

2 - jc 


» 


Ax) 



Ax) 



A lim fix) = ( B lim fix) = 

jr-.0 jr-.0 

The function /is defined on R such that fix) = / 3 

|-3jc 

( A lim fix) = ( B lim fix) = 

jc -.0 jc -0 

The function /is defined on R such that fix) = f.t 

I 


A) lim /(jc) = 
JC-.0 




( B ) lim fix) 

x-0 


Ax) 













1_J 





► — 

A . 







z 

1 



_1 J 

| 

0 

/ 

4 * 














.11 
















lfjc>0 
If jc < 0 


If jc > 0 
If JC < 0 





If jc < 0 
If jc < 0 


MMBMIHIMBMMMMBMIMIMBMIimHNMIH 
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Unit (3): Limits and continuity 




V%1 

[mm 


Discuss the existence of limit of each of the following functions 


lim 

Ax) where A x) = / 2 x 

when x < 2 

jc-2 

u 

when x ^ 2 

lim 

Ax) where Ax) = J x 2 + 1 

when x < -3 

jr-3 

1 3 x + 1 

when x ^ -3 

lim 

Ax) where Ax) = J x 2 + 2 

when x < 0 

jc-*0 

1 3or + 1 

when x > 0 

lim 

Ax) where Ax) = / 2 x + 1 

when x < -1 


■ 

when x > -1 


U 


^ If the function / where 


A*) = 


(t-D 2 
Ur- 1 1 

6.v - 3 m 




4^ Discuss the existence of lim /ft) when .t 
r 2sin x 

Ax) = - — ~ when x < 71 

I + cos x when x >71 


when x < I 

w'hen x > I has a limit at x = I . find the value of m 

—* 71 where 


If lim A*) - 7 where /tr) = | .v 2 + 3m 
x ^ 2 5.t + k 




54/ If the function f where ,Ax) = x 2 + k 

jr+4 

has a limit at x = - I . find the value of k 


when x <2 find the values of m , k 
when x > 2 

lfjc< - 1 
If x > - 1 




45/ Discuss the existence of lim/tr) when .t — * 0 where , 

Ax) = f 5 jt + tan 2 x when x >0 
6 x + sin x 


cos x 


when x < 0 


o 


4^ Discuss the existence of lim^Lr) where Ax) = 


3 x 


tan x 
3 cos x 


when - JL < x < 0 
3 

when 0 <jr < JL 

3 


A 


at jt 


- 71 


B at jc 


71 


3 3 

17 Discuss the existence of lim f(x) where / (jr) = ! 

x—2 x-2 


C at 


*0 
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Think and discuss 


Look at the following graphs and write your notes? 


Y Y 



You will learn 



» Continuity of a function 
at a point. 

* Continuity of a function 
on an interval 


Key terms 



► Continuity of a function 
» Continuity of a function at 
a point 


* Continuity of a function on 
an interval 



If jr < i 
lfx> 1 


Fiji (3) 



1 

Ur + 21 


Fir (4) 


In fig. ( I ) , (2), the curves are continuous and unbroken at any point. 

In fig (3), the curve of the function is discontinuous at x = 

In fig (4) the curve of the function is discontinuous at x = 

from the previous we can conclude that the function f is continuous 
at x = a if the curve of the function is unbroken at this point and the 
function is discontinuous at x = a if its curve is broken at this point 


Materials 

► Scientific calculator. 



► Graph programs 
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Unit (3): Limits and continuity 


f! 


Continuity of a function at a point: 




Look at the previous graphs then find lim f{x) ,/( I ) if exist. 

jr— 1 


In 

fig 

(I): 

lim 

+ 

* 

II 

+ 

lim 

Ax) = 3 then 

lim 

Ax) doesn’t exist. A 1 ) = 1 




JC-1 




x-l 


In 

fig 

(2): 

lim 

+ 

II 

1 

* 

lim 

(jr) = -1 then 

lim 

fix) = -1 , fi 1) is undefined 




JC-I 


X-* 1 


jr-1 


In 

fig 

(3): 

lim 

+ 

Ax) = 2, 

lim 

(jr) = 2 then 

lim 

ll 

* 

<N 

II 

H 




jf-r 




X-.I 



then lim /*)#/!) 
x— I 

The function /in each of the previous figures is discontinuous at x = I 
Try to put a definition of continuity of a function at a point. 

The function /is said to be continuous at x = a if the following conditions satisfied: 


lim fi. r) exist 

x—a 


J[a) defined 


lim /jr)=/(a) 
x->» 


^ Discussing the continuity of a function 

1 Discuss the continuity of the function / where fix) = | 

l x + 1 


a ) at x = 0 


b at jr = 1 


Solution 

a Discuss the continuity at x = 0 

Lim fix) = Lim x = zero , 
jr-0 x—0 

fiO) = 0 i.e Lim fix)=fiO) 

X -»0 

So. the function is continuous at x = 0 


if x < 1 

if jc> 1 
Ax) 
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b Discuss the continuity at x = I 

Notice that the rule of the function at the right of the point x - I differ from it's rule at 

the left of this point so we discuss the existence of right limit and left limit at x = 1 

A 1*)= Lim (* + 1) = 2 ,yU) = Lim X= 1 
jr— » I jc -» 1 

i.e: ./U ) and this Condition is enough to discontinuity of the function / at 

x = I and the graph illustrates the discontinuity of the function /at x = I 



Try to solvo 


Discuss the continuity of the function / where fix) ■ { ^ * at x = I 

[ x 2 + 2 if x > I 

^ Check the continuity of the function at a point 

( 2 Discuss the continuity of each of the following functions at the indicated points infront of 


each: 

8 fl x ) = — f v at x = 2. x = 3 

x - 2 


b ) fix) = 5 - Ur - 31 at x = 3 


O Solution 

a First: Discuss the continuity of the function at x = 2 

V Since the function domain = R - {2} -’.fix) is undefined at x = 2 

.’.fix) is discontinuous at x = 2 

Second: Discuss the continuity of the function at x = 3 


V*3> = ITT = 6 
.% L*m fix) = fi3) 

*->3 


• ♦ 


Lim 

JC-.3 


jr + 3 3 + 3 


jr- 2 3-2 

.*. fix) continuous at x = 


= 6 


= 3 


b By redifining the function fix) = 


8 - x 

j + 2 


at x > 3 
at x < 3 


\\fl3) = 5, 

/. Lim fix) = 5 
jr_*3 


V/(3 + ) = Lim (8 - jc) = 5 , /( 3 ) = Lim {x + 2 ) 

jc-»3 x ^3 

Le:/3)= Lim £ x) 
x_3 


= 5 


f(.t) is continuous at x = 3 



Try to solve 




v 2 y Discuss the continuity of the following functions at indicated points: 


8 fix) =— ~ alx= I ,x = 2 
x - 2 


b fix) = 3 - Lr -21 atjr = 2 
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Unit (3): Limits and continuity 


f 


Redefinition of a function to be continuous at a point (if possible) 

Example 

3 Redefine (if possible) each of the following function to be continuous at x = 1 


a fix) = 

©► Solution 


jc 2 + lx - 3 

~l 


b ,<,)= f * 3 +2*’*> 

I 5*- 1 , x < 


I 


a In order to the function/to be continuous at x = I then Lim f(x) = /( I ) 

x— I 

. Li m (Jr- IX* + 3) _ y m (jr + 3) 
x^3 Jf- 1 x_l 


i.e: Lim fix) = 4 
x— I 

Therefore, we can redefine the function /to be continuous as: 

jr 2 + 2* - 3 

- at x / 1 


fix) = 


jr- I 


at x — I 


= 4 


b In order to the function /to be continuous at x = I , then /( I ) = Lim fix) 

x— I 

•\/(l*)= Lim (jr 3 + 2t) = I + 2 x I = 3 ,/(I ) = Lim (5.v - I ) = 5 - I 

JT-* I JC-» 1 

V/( I ) # /( 1 *) therefore, the function has no limit at -* I 
and we can't redefine the function to be continuous at x = I 

Try to solve 

3 Redefine (if possible) the following function to be continuous at jt = 3 where/.t) = A ‘ ~ - 

4 Show thaty(jr) = is discontinuous at x = 3 

x* + 2x- 15 



Then find the value of h that makes fix) 


h + 


I 


at x # 3 
at x - 3 


continuous at x = 3 

fix) 


Continuity of a function on an Interval 

The opposite graph represents the curve of the function / where 
fix) = 4 - x 2 on the interval |-3, 3|. the function /is said to be 
continuous on |-3, 3| , if it is continuous at all the points of the 
interval | — 3 ; 3 |. 

i.e: Lim fix) =/a) for all a e |-3. 3| 

X—M 

Lim fix) = f ( -3) Lim fix) =fi3) 


x — -3 


x—3 
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From the previous we can conclude the following definition: 



lf/f.r) is defined on |a. b| , and 
1' fix) is continuous on |a. b| 

2- lim fix)=fia) . lim fix) = fib) 
x—a' x-»b 

then / is continuous on |a, b| 


Depending on the above definition and the limits of the functions, we can declare some of 
the continuous functions 


1- Polynomial function: continuous on R or on its domain. 

2- Ra tional function; continuous on R except set of zeros of the denominator. 

3- Sine and cosine function: continuous on R. 

4- Tangent function: fix) = tan x continuous on R- {i:r = y + n^},neZ 

Example 

( 4 Discuss the continuity of the function /on 1 0,*[ where/.t) = 

o- Solution 

Sin x - Cos jr Cos 2x _ 

o i 

yf.tr) is defined on the interval |0, *| 

To discuss the continuity of the function we will discuss the continuity on its subintervals, 
also discuss the continuity at the point at which the function changes its rule, also at the right 
of zero. 

1 ) fix) = sin x - cos x is continuous on |0. Jl\ 

also fix) - cos 2x is continuous on 1 71, »| 

2) fiO) = sin 0 - cos 0 = - I , Lim (sin x - cos .r) = - I 

x -»0* 

i.e:y(0)= Lim yft) the function is continuous from the right at x = 0 
*-.0* 


sin jr - cos x when 0 < x < 71 
cos 2x when x >71 
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Unit (3): Limits and continuity 


/ 


3) Wc discuss the continuity * = 71 
fiJl) = sin# - cosff = 1 

fiJl ) = Lim (sin x - cos x ) = 1 .fin * ) = 

x—n 

fin )=fi7l'), fi7l) = I 


I im cos Zx = 1 
♦ 

x-*n 


.’.fin )=fin )=fin) 



.'./is continuous at x = 71 from ( I ) , (2) , (3) the function is continuous on |0 , x| 

Try to solve 




Discuss the continuity of each of the function on its domain 


fix)* 


I + Sin x 


. 2+<*-3-)2 


0 <*< 2 - 

x>^ 


% Example 

5 Discuss the continuity of the following functions : 


a /(*) = * 2 • 3* + 2 

c fix) = s * n x + cos * 

X 2- I 

o- Solution 


b fix) = 


_ *2-4 


* + 4 


d = 


_ tan* 


*2+ I 


a fix) = * 2 - 3* + 2 is a polynomial of second degree, then it is continuous on R 


b fix) = 


_ *2.4 


is fraction function whose domain R - {-4} 


* + 4 

.'. Set of zeroes of denominator = {-4} 
.*. the function is continuous on R - { -4} 


_ sin * + cos* 


|c/w= *.i 

V sin * , cos * are continuous on R 

V (*2 - 1 ) is continuous on R 

The zeroes of the denominator are{ I. -I ) the function f is continuous on R - {-I. I } 

d *,) = -!»!>£_ 

*2 + 4 

the numerator function: tan * is continuous on R - {*: * = ^ + n 71, n € z} 

the denominator function * 2 + 1 >0 for all *, then there is no zeroes of the denominator. 

71 

the function f is continuous on R - {.r * = — + n n. n € z} 
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H Try to solve 

(6 Discuss the continuity of each of the following functions: 

( « yw = 7 0 ) yu> = * 2 ^ 

x 2 - 5jc + 6 

( c Ax) - x *. t 1 ( d ) A *) = (•* + I )COS X 

sin x 



\ 

Activity 


7 Connected with chemistry 

If the reaction rate of a chemical experiment is given by the function 

/where/(.r) =JML!L where x is concentration of the solution. 

x +12 


o; 


embebre lhal 


If f 2 are two 
functions each is 
continous on R then 
each of the follow ing 
functions is also 
continous: 

1- /, ± f 2 on R 

2- /, x /, on K 

on K -set of 
zeros of f Y 


Search on the internet about chemical experiments can be represented by this function 


a Represent / graphically using a graph program, 
b Discuss the continuity of /. 


Example 

6 Show that the function / where / (jr) = / jt 2 + x + 1 


is continuous on R 


Solution 

V since xr + x + 1 is positive for all values of x e R 

(The discriminant = b 2 - 4 ac = 1 - 4 = -3 < zero) 

orjr 2 +jr+l=(jr+4‘) 2 + ^ Sum of two squares 

x 2 + x + 1 is positive for all values of x e R 

.*./ (•*) = (V jr 2 + x + I ) defined for all values of x e R 

For all a € R we find that /( a ) = V a 2 + a + 1 

Lim f (jr) = Lim (V jr 2 + x + I ) = V a 2 + a + I 
jr-a x-»a 

.\/(a) = Lim /(*) for all a € R 
jr-»a 

:.f (.t) is continuous on R 
Q Try to solve 

8 Discuss the continuity of the function / where / (.r) = V x - 2 on it’s domain. 
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Unit (3): Limits and continuity 


r 



Exercises 3*6 



Discuss the continuity of each of the following functions at the indicated points: 


/• \ f * 2 + 2 , 

® m = 

l 3 jt , * > 


I 

I 


at x = 1 


l 2*- I , x > 


at x = 2 


^ N f x 2 - 3* + 2 , 
[ *2-2*- I , 


*<3 

*>3 


sin (* - 2) 

(5) ft-t) ' X<2 



*2-4 

I - 


, * > 2 


at * = 3 


at * = 2 


* + 4 , * < - 2 

A)Ax) = | | , -2 < * < - I 

2 * + 3 , * > - I 


at * = -2, 
at * = -I 


r 



o Ax) 



1 - cos* 

* 

2 sin * 


*>0 

*<0 


at * = 0 


Discuss the continuity of each of the follow ing functions on IE. 


® Ax) = * 3 - 2 x 2 + I 


(®) Ax) 


-* 


+ 1 


® Ax) = 


_ 3* + 2 


ifl - 2v 


2*-3 


* o; Ax ) = 


*2 - 2* - 15 




VsAx) = 


W-2 


® Ax) = 


_ l* + 2l 


(* + 2)2 


J £ Ax) = sin * - 3 cos ( * + 1 ) ^ A x ) = * 2 + cos 2 * 




^ Ax) = *•' sin 2 * 


3^ A x ) = tan 2 * - I 


3 7) Ax) = sin + cos * 

x 2 -9 


m // - tan x 


H Ax) = 


*2-9 


Discuss the continuity of each of the follow ing functions on the indicated intervals: 


® Ax) = 


* tanr + sin 2 3* 
5*2 

. 2 cos 2* 


~JL <*<0 

4 

0 <*< £ 
4 


on the interval |- 3 - , 3\ 

4 4 


U Ax) 


.**- 1 
**- 1 
3*- I 


*- 


, -4 < * < I 
, 1<*<4 

. 4<*<6 


on the interval |-4 , 6| 


Find the values of a in each of the follow ing: 




* + 3 


21, Ax) = 7 : is continuous on R 

4:2 + a* + 9 
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® Ax) 



3H-81 


when x / 0 
when x = 0 


is continuous on 


Find the values of b, c in each of the following: 



®Ax)= J 

f jr + 1 

[ jc 2 + b or + c , 

, I < jc < 3 
.t e R * | 1 ,31 

is continuous on R 


’ jc + 2b 

x < - 2 


^ 

II 

'h 

A* 

3 bjr + c , 

-2<x< 1 

is continuous on R 


. 3jc - 2b 

x > 1 



Redefine each of the following functions to be continuous on the indicated point (if 
possible): 

x 2 + I , x > 2 


® Ax) 



- 4 at x = 2 

— ’*< 2 





ix + I - cos X 


5x 

cos.t 


*>0 

jr < 0 


at jr = 0 


® Ax) 



(x - 3) V) + U - 3) 
jt- 3 
cos (3 - jc) 


jr > 3 
jr < 3 


at x = 3 


jr 2 - jt - 6 

® A*) = y . 3 


at x = 3 




29 Find the value of c which makes the function f is continuous at x = c where: 


Ax) 



2 - x 2 x<c 

X X > c 
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Unit (3): Limits and continuity 


J 


Unit summary 


D 


(a x + a =ao 


b -* + « = -* 




c 


oc xa = 


-oo , if a < 0 
« , if a > 0 


- 


x x 


f -x.ifa > 0 
l oo if a < 0 


2) If the value of / approaches to one value / when x * a from right and left 

then Lim fix) = / and it reads limit of/fc) when x approaches to a is /. 
jr-.a 

3) The existence of limit of a function at x * a doesn't necessaraly mean the function is 

defined at .r = a and vise versa, if the function is defined at jr = a it doesn't necessary mean 
the existence of limit of the function at x * a .. 

4) Lim (c^ + c 1,1 j: *• 1 +... + = c n a" + c n ! a "• 1 + ... + c 0 . 

x-»a 


5) lf>U) = gU) for all x e R - {a} and 


Lim g(x) = / then Lim J{. r) = / 
v-a jc—a 


6 ) If Lim ytr) = L , 
x-.a 

( a ) lim k .fix) = k . L 
x-»a 

c lim fix) , g(x) = L.M 
x-»a 


Lim = M then: 

x-.a 

where keR b| lim \fix) ± g(x) | = L ± M 


e ) lim (flx)) n = L n where L n € R 


jr—a 


x—n 

d lim JLlL = — where M # 0 
x-.a jK-*r> m 

t lim V f(x) = i/~T where V~T~ € R 

jr—a 


7) Theorems and corollaries on limits: 


(a) 

Lim 

x* - a" 

n(a nl ) 


or-»a 

x- a 


c 

Lim 

x” - a" _ 

— (a nm ) 

or->a 

x™ -a m 

m 

Limit of a 

function at infinity: 

• 

Lim 

-L = 0 

b 


*-a® 

& 



b Lim ( * + a >"- a " = n( a n l ) 



x-*a 


Lim 

AT -a® 


-2— = 0 {where neR\a constant} 
jc " 


(c Lim c = c t where c is a constant , If n is a positive integer then 1 im *" = * 


x ^ a 


X - X 
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9) |f/(jr) and g(x) arc two polynomials, to obtain lim Al L; 

X — 96 «(*) 

La The limit gives a non-zero real number when the numerator and the denominator have 
the same degree. 

b The limit equals zero when the degree of the numerator < the degree of the denominator, 
c) The limit gives ± <» if the degree of the numerator > the degree of the denominator. 

10) a lim sin x = sin a. where a e R , lim cos x = cos a where a € R 

x—a x—a 

b J lim tan jc = tan a where a#j2. + n^,neZ 
x—a *■ 

c If x is measured in redian then: lim s ‘ n * = 1 , lim jan_£ = | 

jc— 0 x jr-0 * 

(d) Lim cosjc= 1 , Lim I -cosjc _ o 

jc— 0 jc— 0 * 

1 1 ) We say that the limit of the function /( jc) is L when jc tends to a if and only if the right and 

the left limits of the function at jc » a are equal to L , and we write. 

lim /(jc) = Llf /(a + ) =/(a ) = L where: 

jc— a 

a /( a*)= Lim /( x ) , /(a ) = Lim /( x ) 

JC— a* jc— a 


1 2) The function /is said to be continuous at x - a if the following conditions are satisfied: 

a Lim J{ x) exist ( b /(a) exist ( c ) Lim J[ x ) - f(a) 

x-> C jc— C 

IB) If/ (jc) is defined on | a , b | . then the function /(jc) is said to be continuous on | a , b | if: 

f(x) is continuous on |a , b| 

(b) Lim i J[ x ) =/(a) (c) Lim J( x ) = fib) 

x—a' x — b 

14) Some continuous functions: 

> Polynomial function is continuous on R or on it's domain. 

> Rational function is continuous on R except denominator zeros set 

> Sine and cosine function is continuous on R. 

> tangent function fix) = tan jc is continuous onR-{jc:.r=^- + n^,n e Z} 
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/ 



General exercises 

Choose the correct answer from those given: 



0 Lim 
jc-0 

sin6x _ 


( 2 ) Lim 

X-.0 

sin 2x _ 


X 


<% — 

3x 



(6 , n . 6 71 , 

0) 


(2. 3. f 

h 

* 2' 

® Lin ! 
jc-0 

(VT + 3 ) = 


^ 4 ) Lim 
x-2 

x 5 - 32 _ 




x® - 8 


(not exist ,0,3 

. 4) 


(4. f, 0 

• 6 3> 

( 5 ) Lim 

x-3 

X 2 - X - 6 . 


^6^ Lim 

x-/r 

sinx _ 


x 2 +x- 12 


™ mmiMM 

n -x 



(5 1.1 

^ ♦ » * 

-5) 


(i , n 2 , n 

, -It) 

Find the 

following limits (if exist): 




( 7 ) Lim 

x-1 

x - 1 

8 Lim 
x-#5 

x- 5 

9 Lim 

x® - 2x + 1 

AT 2 + X - 2 

x 2 - lQx 4* 25 

X-» 1 

x® + x 2 - 2 

® Lim 

2x 2 + 3x- 9 

S0 Um 

X-l 

X*- 1 

^ Lim 
x-*5 

(x * 3)® - 32 

2 jr- 3 

X® * 1 

x 2 * 5x 

® Lim 
x-1 

jr»- Vx + 15 

® Um 
x-0 

V25+x -5 

$ 5 ) Lim 

x_0 

8 x 2 - 3 siav 

1 -X 2 

4 1 +x - 1 

X 


Lim 

x^Q 


I - coslr 
3 x 2 


17; If Um =4 find Lim/(x) 

x ^2 * + 3 


® If/U) = 


x- I 
3x-7 


Jt-2 

when x < 3 
when x > 3 


find: 


a Lim fix) 

x—3 

3x 2 - 2 
x 2 + I 

3xU5 
7 + 9x 2 


b Lim fix) 
jc—3 


® Lim 

JC-»* 


3<£ Um *** ' 5y 

x» + 3 


X-a® 


c Lim y(.r) 

X-.3 

^ 1 ) Lim . ^ a4 _ +.J. 


^ Lim 
x-»« 

@ Lim ± V 4*4-3 

X-a® ^ 




?3p Lim ( - - 


3x 


X-a® 


2x + 7 


) 


24 Lim , 

x-*® J 4x 2 4- 7 


x 

5x -3 


^ Lim (VTTT - /7 ) 

X-a® 


^ 7 ) Lim 
x->0 

Lim 

X-aO 


sin 3x 
5x 

sin 2 4x 
2x 2 


® Um 

x-»0 3 * 

Si) Um sin 3x - sin It 

X-.0 5x 


tanx 


^ Lim 

X-aO 

@ Lim 


tan 2x 
sin 3x 

2 r 

cosx 
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$$ Ifflx) 



3x 


sin x 
cos 3.r 


when x < 0 

, discuss (he existence of lim fix) 

when x >0 *^0 


® if Ax) 



s ' n ^ x * ^ when x > 1 

x * 1 discuss the existence of lim Ax) 

tan S-x w ** en x<l x-»l 

4 




35, Find the value of a which makes the function / has a limit at x — * 0 


I a + cos x when x < 0 

- 

tan2x when x > 0 


ax 




^ Discuss the continuity of the function A x ) = 5 - lx - 31 when x = 3 




V x + 3 _j_2 where x# I 
' 37 ) If/ is a function where A x ) x 2 - 1 

k where x = I 

is continuous at x = I find the value of k 





3^, Redefine the function /where /x) 


to be continuous at x = I (if possible). 



x J + Zt where x > 1 
5x - 1 where x < 1 




cos 2v - 1 w h ere x ?0 


3 % If the function / where A x ) = 


k where x = 0 

is continuous at x = 0. Find the value of k. 


Ok 


4Q, Discuss the continuity of the function /where 


A x ) 


■r 


sin x 


1 - cos 2 x 


when 0 < x < 3. 

2 

when x > \ 


on R 




41 If the function /where /x) = 


4jc 

when x < -1 

a or + b 

when -1 < x < 3 

-It 

when x > 3 


is continuous on R find the value of a , b? 
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t 



Accumulative test 


Complete: 

j) Jf 2 - x - 6 = (or - 


X* + 


) 




x 3 - 2x 2 + Sx - 4 _ 
x - I 


\?y tr — 

2 

(7) lim -* 2 * 3 * 

X-.0 


(?) lim 


X — • 00 


2x 

x 2 - 3x + 5 
4 - 3X 2 


w i M mt 


Find the following limits if exists: 


$1) 

lim 

2 sin 4x 


x—0 

sin 3x 


lim 

x^-3 

x 2 + 4x + 3 
0(4-9 


lim 

Ax) where fix) - 


X-.-1 


® 

lim 

_ M 

x —i 

fix) where fix) = 


_ X* + X 

U + II 
col X 


71‘ lx 
sin(ff -x) 



@ 




J x 2 - 

3x -x)(J x 2 - i 

cosff 

^ «**♦♦♦• «♦♦♦ 

n 


lim 

3or- 2 _ 

x-1 

X 

lim 

sin lx _ 

x-0 

5x 

lim 

l-COSX _ 

X-.0 

x 2 

lim 

y »- 1 

X-*0 

1 -X 3 

lim 

or 5 - 2x 2 + x - 2 

X-.2 

x 3 - Zr 2 - x + 2 


when x < -y 

when x>%- 
2 


Discuss the continuity of each of the follow ing functions : 

jr 2 - 4 


® Ax) 



JC- 2 

sin ( ji - x) 


when x ^ 2 
when or = 2 



a at x = 2 


@/w- * ! - 9 


b on R 


x 2 - 5x + 6 


on R 


x-2 




If /is a function where / (x) 
find 


when 


x<0 


x 2 when 0 < x < 2 
2x when jt > 2 



I'm Ax) 

x -0 


I'm fix) 
x— 1 


Find the value of a which makes lim /(jr) exist where /(x) = ( 

x-.l X ' 1 x 1 - 1 



i'm yw 

x -«2 


_/ I 


a 


) 
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Find the following limits 


lim 

3* + 5 

@ lim 

X-»® 

4x 2 + x 


fa. 8 

2x 3 - 5 

lim 

5x3 • 2x 2 + 1 

& lim 
jr-*« 

V x 2 + 2 


1 -3x 

3x - 6 

lim (/ 

X-.0C 

5 x 5 + 5x 2 - x 3 ) 

^6 lim 

X-.® 

(7 x 2 -3x -x) 

Discuss the continuity of each of the following functions at the indicated point : 

1 * > Ax) - 

f 2x + 3 when x < 4 

1 7 + ^ when x > 4 

X 

at x = 4 


b /i v) = 

j * ' *‘ n x when x > 0 

1 .silLL when X<Q 

at x = 0 



H If A*) 



-1 when x / 4 
1 when x = 4 


g(x) 


■ { 


4x - 10 when x / 4 
- 6 when x = 4 


discuss the continuity of each of the following functions at x = 4 
(« Ax) ( b I g(x) 0 ) .fix) . g(x) 

( d \J{x)\ ( e I g(x) - 6Ax) ® g(/|x)) 




?9 Find the values of k which make each of the following functions continuous on ?; . 

k x 2 x ^ 2 


1 7 . 

c Ax)= | 


lx -2 

I 

-kx 2 

x > 1 

9 - x 2 


k 

x < - 3 


[ kx* 

b A*) = I 

l lt + 


x > 2 




3Q. Find the values of k. m which make the function / continuous on R where 


Ax) = 


.r 2 + 5 when x > ^ 

m(.t + I ) + k w j, en _!<•*< 2 

• 2x 3 + x + 7 when -t ^ • I 


Os 


31 Discuss the continuity of each of the following functions : 
(a)/. v ) = * on its domain 


b Ax) = 


•J x • 2 

_ x - 2 


lrl-2 


on R 
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Unit introduction 


•- 


Trigonometry is one of mathematics branches . The ancient Egyptians were the first to w ork w ith the rules 


of trigonometry , they used it to build their pyramids and temples . Our knowledge to trigonometry refers 
to the Greeks who put the law s of it, and used it to deduce some relations joining the lengths of sides of 
triangle by the measures of its angles . The Arabs and Muslims scientists contributed in the solutions of 
trigonometric equations, and they used the tangents secants and their correspondences to measure the 
angles and distances . They created a way to construct tables of sines for coplanar triangles . we would 
like to point to the Sw iss scientist I^eonhard Euler (1707 -1783) who introduced anew expression for 
the trigonometric functions . he also used a lot of mathematical symbols which enables in the use of 
advanced mathematical problems studied in schools and universities . 

In this unit we will hand laws and relations the sides of triangle by its angles . 


Unit objectives 

By the end of this unit the student should be able to: 


Deduce the sin rule which 
states In any triangle the 
lengths of sides 

^ Are proportional to the sines 
of opposite angles 

$ Use the sin rule to find lengths 
of sides of triangle 

^ Use the sin rule to find the 
measures of angles (two 
solutions for unknow n angle ) 

^ Deduce the relation between 
the sin rule. 


# The length of radius of 
circumcircle of triangle Use 
it to solve different exercises 

^ Deduce the cosine rule for 
any triangle 

$ Use the cosine rule to find 
length of unknown 

$ Side of triangle 

# Use the cosine rule to find to 
find the measure Of unknow n 
angle of triangle 

# Use the sine , cosine rules to 


solve triangle given Measures 
of two angles , length of one 
side Lengths of two sides, 
measure of included angle 
lengths of the three sides 

^ Use the calculator to solve 
exercises , different Activities 
on sine ,cosine rules 

® Study the ambiguous case 
as group activity Scientific 
researches 
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Key terms 


J PossiWe Solutions 
3 Unique Solution 



3 Opposite Ang* of a S*Je 
3 Smallest Angle 
3 largest Angle 
3 CoameRi^e 


Lessons of the unit 


Lesson (4 - I): The sine rule. 
Lesson (4 - 2): The cosine rule. 


Materials 


Scientific calculator 




Chart of the unit 
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You will learn 

► The sine rule (law) for 
any triangle 

» Using the sine rule to 
solve the triangle. 

» Modelate and problem 
solving using the sine 
rule. 

> The relation between 
the sine rule and the 
radius of the drcumdr- 
cle of any triangle. 


T* Key terms 


► Trigonometry 

► Sine Rule 

► Acute Angle 

► Obtuse Angle 

► Right Angle 

► The Ambiguous Case 



Materials 


» Scientific calculator 



You have learned how to find the length of a side of the right-angled 
triangle given the lengths of the other two sides or the length of one of its 
sides and the measure of one of its acute angles. Now you will learn other 
methods to find the lengths of the sides and the measures of the angles of 
the triangle in general. 



Activity 


Kareem wanted to measure 
the distance between 
Alfaiyum and Ismailia 
using the data on the given 
map by taking drawing 
scale I cm : 43 km. Be sure 
of your measures after you 
have studied the methods of 
solving of non right angled 
triangles. 

one of these methods is the 
sine rule 




The Sine Rule 

In triangle ABC we use the small 
letters a. b and c to denote the 



angles A. B and C respectively. We can use formula of the the area of the 
triangle to conclude the sine rule which gives the relation between the 
lengths of the sides of a triangle and sines of the opposite angles as follow, 
area of triangle = ^ b c sin A = ^ a c sin B = J, a b sin C 

(different forms of the area of the triangle ABC) 


A1 
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be sin A = ac sin B = ab sin C 


Rfmrmba 
i ha i 




be sin A _ ac sin B _ ab sin C 


abc abc 

sin A _ sin B 


abc 

. sin C 
c 

c 

sin A sin B sin C 


a 

a 


b 

b 


multiplaying by 2 
dividing by abc 

by simplifying 
properties of proportion 






Then: In any triangle, the lengths of the sides are proportional 

to the sines of the opposite angles. This relation is known by 

- • a • a h c 

the sine rule i.e. - — 7 = - — - = r — 

sin A sin B sin C 


: Can you prove the sin Rule by other methods? Show that. 


area of triangle ABC' 
■ :ib sinC 

>1k sin B 

= ^ be sin a 


Self 

Using the sine Rule to find the length of a side of a triangle 

Example 

1 Find the length of the longest side in the triangle ABC in which 
m (^A) = 54* 33’ , m(^/ B) = 49* 22’ ,a = 124.5cm 

O Solution 

The longest side is opposite to the greatest angle (inequality of triangle) 
m(^/C) = 180* - |m(^ A) + m(</ B)| 

= 180* - |45* 33’ + 49* 22’ | = 76* 5’ 
the longest side is c (opposite to the greatest angle C) 
c 124.5 c 




RrmemlHT 

that 


In any triangle 
the longest side 
is opposite to the 
biggest angle and 
the shortest side 
is opposite to the 
smallest angle. 


a c 

sin A sin C 


' * sin 54* 33' " sin 76* 5' 

124.5 sin 76* 5’ 

c = : — — = 148.4cm 



sin 54* 33' 

Try to sol vo 

1 ) Find the length of the shortest side in the triangle ABC in which m (/_ A) = 43*. m( B) = 65*. 
c = 8.4cm 


Solving the triangle using the sine rule 

Solving the triangle is to find its unknown elements using the given measurements, in condition 
that aside length is to be given at least. 

First: Solving the triangle, given the length of one side and the measures of two angles 

Example 

2 Solve the triangle ABC in which a = 8cm , m(_ A) = 36* , m< B) = 48* 
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©► Solution 

m(/C) = 180° -(36* + 48*) = 96' 

. . sin A _ sin B . sin 36* _ sin 48* 
a b 8 b 

b= 8 sin 48* ~ 10.114 cm. 
sin 36* 

Use the calculator with mode of the degree measurement then press the keys from left to 
right: 

start — > CTH 8 C? 1- •» « JOJ ♦ C- 3 3 ® 



. . sin A _ sin C . sin 36 _ sin 96 ^ _ 8 sin 96* ^ | j ^ 35cm 

a c “8 c ** sin 36* _ 

By using calculator: 

start — ► m 3D © 3D 3D 3D CTD © 3D 3D 3D © 

In A ABC: b = 10.1 14 cm , c = 13.535 cm , 

Q Try to solve 

( 2 ) Solve the triangle ABC in which a - 8cm , m(. A) - 60° , m( t B) = 40’ 

Second : Solving the triangle, given lengths of two sides and the measure of the 
non-included angle) 

Ambiguous Case 

Draw triangle ABC ( if possible ) according to 
the measures in the opposite table: 


length of 
AC in cm 

m(ZA) 

length of BC in 
cm 

7 

30* 

3.5 



5 



2 


1 - from point A draw AX 


A 


2 - from the point A draw AC of length 7cm 
making an angle of measure 30° with AX 


+-> 

X 
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3 - when BC = 3.5 cm put the nail of the 
compasses at C and with radius 3.5 cm draw 
an arc to touch AX at point B. 



c 

3.5 cm 


— — 3 


B x 

Measure the length of AB and compare 
its length with the length of perpendicular 
segment dropped from C to AX . What do 
you notice? 


4 - when BC = 5 cm repeat step (3) by 
making the compasses radius 5 cm draw 
arc cutting AX . What do you notice ? 

C 



> Measure the length of CB , CB’ 
what do you notice? 

> Compare the length of BC , with the 
length of perpendicular segment dropped 
from C to AX . What do you notice? 


5 - Repeat step (3 ) when BC = 2 cm. Draw an arc with compasses radius 2 cm. does the arc 
intersect AX ? 



> Compare the length of BC and the length of perpendicular segment dropped from C on AX 
What do you notice? 

Paractice 

> Repeat the previous activity when angle C is obtuse, and show the different cases of drawing triangle. 

> From the previous activity, we can deduce the different cases of solution of triangle ABC 
given ZA.a. b , h is the shortest distance from C to AB 
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only one solution 




a = h 

Qfe Ex * m P ,e Application c 

( 3 ) for each of the following triangle show whether there is one. 
two or none solution, find all possible solutions if exist. 
Approximate the results to the nearest one decimal place. 

8 A ABC in which m(_ B) = 1 10' . b = 8cm , c = 5cm 
b J A DEF in which m(^ D) = 60 ! . d = 7cm , e = 9cm 
c A LMN in which m(^/L) = 40° ,/ = 12cm, m= 15cm 

O- Solution 

8 ) V /_ B abtuse , b >c 

only one solution exist 



8 


sin C 


sin 110 


(sin rule) 


. sin C = W* =: 0.5873 

O 

m(/C)~ 36* 

/. m (Z A) :r 1 80*- (110* + 36*) ~ 34* , 
a 8 


a ~ 


8 x sin 34° 


sin 34' sin 110' sin 110 

i.e. then: m(^ A)~ 34* , m(^/C)~ 36° , a ~ 4.8 cm 

b v/D acute , d < e 

h = e sin D= 9 sin 60 ~ 7.8cm 

V d < h ( where 7 < 7.8) 

no triangle exist 

i c ) V /_ L acute , I < m ( where 12< 15 ), 
h = 15 sin 40 ~ 9.6 cm 

V h < / < m( where 9.6 < 12 < 15 ) 

I 

So that there exists two solutions for the triangle LMN . 


~ 4.8 cm 



N 


15 cm 
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1** solution: Z M acute 

N 


♦ 



sin M = !? * sin 40 . sin M ^ 0 8035 

m(ZM) 53.46* 

m(Z N) ~ 180° - (40* + 53.46*) 

~ 86.54*, 
n 12 


• • 


sin 86.54 sin 40 
12 x sin 86.54* 


n ~ 


sin 86.54 


~ 18.63 cm 


2 nd solution: M obtuse 

N 



'/The sine function is +ve in 2 nd quadrant, 
sin M~ 0.8035 

/. m(/M) =r 180* - 53.46*=r 126.54*. 
m(ZN) =: 180* - (40* + 126.54*) 

~ 13.46* 

n 12 

• • ________ 

sin 13.46* sin 40° 

12 x sin 13.46’ 


/. n ~ 


~ 4.35 cm 


sin 40° 



i.e: one of the solutions is : m(Z M) — 53.46°, m(Z N) ~ 86.54*. n ~ 18.63cm 
The other is: m(ZM) ~ 126.54* , m(Z N) ~ 13.46*, n ~ 4.35cm 

Try to solvo 

'3 ' For each triangle, show whether there are one. two or no solution . Find possible solutions 
to one decimal place . 

( a ) A ABC in which m(Z A) = 100° , a = 12 cm , b= 15cm 
b ) A DEF in which m( / E) = 35° , e = 9 cm , f = 5 cm 
c ) A MNL in which m( / M) = 52* , m = 21 cm , n = 26 cm 

Example 

4 Geography: The opposite figure shows the positions of three Egyptian towns that form 
a triangle. If the distance between Cairo and Suez on the map is 8 cm, the measure of the 
angle at Alfaiyum is 40* and that at Suez is 30*. If the drawing scale is 1cm: 16.75 km. 
Calculate to the nearest Km. 

a ) The distance between Cairo and Alfaiyum. Cairo g cm S° cz 

b The distanc between Suez and Alfaiyum. 

o Solution 

m(Z A) = 180* -(30* + 40*)= 110* 

AC BC 8 


• • 
♦ 


sin 30* sin 1 10* “ sin 40* 



B 


AC = 8 x . si " y* - 6.22cm 
sin 40* 
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the distance between Cairo and Alfaiyum 2 : 6.22 x 16.75 104 km 

BC _ 8 * _sin .L1 Q . . , | 7cm 

sin 40 

the distance between Suez and Alfaiyum ~ 1 1.7 xl6.75 ~ 196 km 


Q Try to solve 

( 4 ) In activity page (154): 

a Using the Geometrical sets to find the measures of the angles of the triangle and the 
distance between Alfaiyum and Alex, 
b Using the sine rule find the real distance between: 

1st: Ismalia and Alfaiyum. 2nd: Ismalia and Alex. 


Geometrical Applications on the Sine Rule 


C 

| E 

O <L» 

_ o 


In any triangle ABC: 


a 


= 2r 


sin A sin B sin C 
where r is the length of the radius of the circumcircle of triangle ABC 


Proof 

If the circle passes through the vertices of an acute angled triangle 
Draw the circumcircle of the acute angled triangle ABC 
and draw the diameter BX and the chord XA 


vm(ZBAX) = 90* 

• v ab 

•• s, " x = ‘b3T 

AB = BX sin C 
c = 2r sin C 


Similarly, we can prove that: 


m(/A X B) = m(Z ACB) 

ab 


sin C = 


B X 


8 


sin C 
a 

sin A 


= 2r 


= 2r , 



sin B 


= 2r 


sin A sin B sin C 


= 2r 


X 

c 


Self learning; Prove the previous law if the circle passes through vertices of on obtuse angled triangle. 

Example 

5 triangle LMN in which , m = 68.4cm , m(Z M) = 100* . m(/N) = 40* find: 

a)/ ^b The length of the radius of circumcircle of the triangle LMN 

c The surface area of the triangle LMN 
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o Solution 

m(/L) = 1 80* - ( 1 00° + 40°) = 40* 
/ 68.4 


M 


I 


sin 40° sin 100° 

68.4 


(sin rule l 


m 


sin M 


sin 100 
= 2r 


— x sin 40” ~ 44.64cm required (1) 
68.4 



i.c. r = 


68.4 


sin 100 

— ~ 34.72 cm 
_ i 


~ = 2t 


required (2) 


2 sin 100 

S.A of triangle LMN = ^m/sinN = |x 68.4 x 44.64 sin 40“ = 98 1 . 1 env 

Try to solve 

(V) ABC is a triangle in which a = 25cm . B) = 35* 18’ , 

m( z /C) = 103” 42' Find its area and the length of the radius of its circumcircle 



Example 

6 ABCD is a trapezium in which AD // BC , AD = 7.4cm . m( t B) = 62* , m( / D) = 106”, 
m (/_ ACB) = 4 1*. find 

1st: the length of each AC , BC 2nd: The surface area of the trapezium ABCD. 

©► Solution 

In the triangle ACD 

V m(. DAC) = m( / ACB) = 41° (alternate) 

, m(ZACD) = 1 80* -(4 1* + 106*) = 33* 

V — — — = - 7 4 ■ .*. AC = - 7 ' 4 * sin l06, = 1 3.06cm 

sin 106* sin 33* sin 33* 



B 



in triangle ABC 


m(Z BAC) =180*- (62* + 4 1 *) = 77* 


• • 


• • AE _ 


BC . 13.06 BC= 13 06 * sin TV = |44 , cm 

sin 62* 

.'.AE = 13.06 x sin 41° = 8.568cm 


sin 77* sin 62* 


AC 


= sin 41* 


*.* S.A of trapezium = length of middle base x height. 


a D + BC_x A e = ( 7 - 4 - V 441 ) x 8.568 = 92.434cm 2 ~ 92cm 2 



2 2 

Try to solve 

6 y ABCD is a quadrilateral in which, CD = 1 00cm , BCA) = 36\ vc\(/^ BDA) = 55*. 
m(/_ BCD) = 85\ m(/_ CDA) = 87 \ Find the length of BD , AC to the nearest cm. 
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Exercises 4-1 



Complete each of the following: 

J ) In any triangle, the lengths of the sides are proportional to 

( 2 ) In triangle ABC if 2 sin A = 3 sin B = 4 sin C then a : b : c = 

( 3 ) ABC is an equilateral triangle the length of its side is 1 0/3 cm, then the length of the diameter 

of its circumcircle = 

A ABC is a triangle in which m(^/ A) = 60\ m(^/C) = 40* , c = 8.4cm then a = cm 

fSy In triangle ABC, — = r 

sin B 

Choose the correct answer:* 

(t) The length of the radius of the circumcircle of triangle ABC in which m(/A) = 30’ , 
a = 1 0 cm is 

(A) 1 0cm B) 20cm A 5cm D 40cm 


( 7 } If the length of the radius of the circumcircle of the triangle ABC is 4cm , A) = 30* then a = 
( A ) 4cm (b 2cm A 4/3 cm 

(8) In triangle ABC , the expression 2r sin A equals 


0 ion 




* 


B b 


(A 


D areaof(AABC) 


9 ) If r is the length of the radius of the circumcircle of triangle XYZ , then — ^ — = 

2 sin Y 



B 2r 


A A r 
2 


0 4r 


^ In triangle LMN, m( L) = 30\ MN = 7cm then the length of the diameter of the circumcircle 
of triangle LMN is 

(a) 7cm B ) 3.5cm A) i4 C m 

3 V In triangle XYZ, if 3 sin X = 4 sin Y = 2 sin Z , then x : y : z = 

( A ) 2 : 3 : 4 b)6:4:3 a 3:4:6 

^ Solve each of the follow ing triangles: 


D _L4 cm 

/I 




D 4:3:6 



^ Show if the triangle ABC in each of the following cases has one, two or none solution.Then 
find the solutions if exist approximated the answers to the nearest one decimal place, 
a m(. A) = 105°, a = 8cm , b = 5cm (b m(. A) = 47’, a = 4cm , b = 6 cm 

c mC A) = 38*, a = 10cm. b = 14 cm d 1 m{ A) = 36.87*, a = 6cm, b= 10 cm 
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14 Solve the triangle ABC Approximating the results to one decimal place. 

( a m(^/ A) = 40% m(^ B) = 30*, b = 10cm b I m(^/ A) = 50*. a = 4cm, b = 3 cm 

c J m(/_ B) = 33*. b = 7cm, c = 10 cm d m(/_ C) = 1 16\ c = 12cm, a = 10 cm 

15 Solve the triangle ABC in each of the following: 

® J m(^/ A) = 32*. a = 17cm, b = 1 1cm (b I m(/_ A) = 49*. a = 32cm, b = 38cm 

c I m(^/ B) = 70*, b = 14cm, c = 14cm (d m(^C) = 103*, b = 46cm. c = 61cm 

16 ABC is a triangle in which m(. A) - 60°, m(^ B) - 45°, prove that: a:b:c = y6:2:73 + 1 
$7 ABCD is a parallelogram in which AB = 19.77cm the diagonals AC , BD make with the side 

AB angles of measures 36* 22‘, 44° 58', Find the lengths of the diagonals. 

18 ABC is a triangle in which AB = 8.356cm, m(Z_ A) = 41° 20' . B) = 59* 17' Find: 

8.1 b b j the length of the perpendicular from C to AB 

)9 ABCD is a trapezium in which AD // BC,AD= 1 0.7cm. m( . D) = 1 00*, m( . B) = 6I° 19', 
m(^/ CAD) = 33* 50’ , Find the length of each of AC , BC 
20 ABCD is a quadrilateral in which m(./ BCD) = 85*, m(z' CD A) = 87°, m(_ BC A) = 36°, 
m(^ BDA) = 55°, CD = 1000 meter Find to the nearest meter the length of BD , AC . 
ABC is a triangle in which sin C = 0.35 , c = 14cm. Find the area of the circumcircle of 
triangle ABC in terms of 71 

22, ABC is a triangle in which a = 58 cm, m(_ B) = 38*. C ) = 62’ find the length of the 

perpendicular from A to BC 

23 ABC is a triangle in which ml,/ A) = 60°, m(^ B) = 45*. if a + b = (/6 + 2) cm find each 
of a. b 

24! ABC is a triangle inscribed in a circle of diameter length 20 cm. If m(^/A) = 42°, 
m(/B) = 74° 48’, Find the lengths of the sides of the triangle ABC 
25 ABC is a triangle in which c = 19cm, m(. A) = 112’, m(. B) = 33*. Find to the nearest 
hundredth the length of each of b and the radius of the circumcircle of the triangle. 

2$ Geography: The opposite figure represents the positions of 
three towns A, B and C Find to the nearest km: 

(• Distance between A . C b) Distance between B and C 

27 Open problem: ABC is a triangle in which m(_ B) = 58’, c 

a = 42 cm. Find b which makes triangle ABC has no solution. Explain that. 



^ Creative thinking: 

a I In triangle ABC prove that: i 4 b = — - — 

^ ^ 3 sin A • 4 SinB sinC 

b If A is the S.A of the triangle ABC prove that area of A = a : (- sm A s ' n - A ) 

2 sin A 


MAtfraf 


Student book - first term 


printing Mouse 


163 






You will learn 

► The cosine rule of any 
triangle. 

> Using the cosine rule to 
solve the triangle . 

» Modelate and solving 
mathematical and life 
problems using the 
cosine rule. 


T* Key terms 


► Cosine Rule 

> Acute Angle 

* Obtuse Angle 
» Right Angle 



Materials 


» Scientific Calculator 



Think and dhnm 


Norttv. 


West jass* 

<•• — irjQ-r** > East 

r • 


V 

South 


24 km 


Two ships A , B move at " 

the same moment from a 
port. The first in direction 
20° south of east, for 24 km 
while the second moved 
in direction 55° north of 
east for 10 km in the same 
time. Calculate the distance 
between them at the end of 
this time. 

By using the suitable drawing scale to find the length of AB . 

Are you able to use the sine rule to find the length of AB ? 

Can you deduce another rule to find the length of AB in terms of the 
lengths of FA . FB And the measure of the included angle between 
them, explain that. 




Learn 


The Cosine Rule 

A BDC is a right angled at D: 

(BC) 2 = (CD) 2 + (BD) 2 (pythagoras theorem ) 
then: 

a 2 = (b sin A ) 2 + (c - b cos A ) 2 

= b 2 sin 2 A + b 2 cos 2 A + c 2 -2bc cos A 
(Expanding brackets) 

= b 2 (sin 2 A + cos 2 A) + c 2 - 2bc cos A ( b 2 common factor) 
= b 2 + c 2 - 2bc cos A ( simplifying) 
then: 

b 2 + c 2 * a 2 Pythagoras identity 



9 ) 


Remember 


cos A = 


2bc 


sin- A + cos^A = 1 
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Self learning; prove the previous law if ^ A is obtuse in A ABC. 

Oral expression: similarly find the values of b 2 ,c 2 , cos B , cos C 
Critical thinking: Is the previous law is true when A ABC is right 
angled at A? Explain your answer. 


The cosine rule provides that : 

In any triangle ABC: 

a 2 = b 2 + c 2 -2bc cos A . cos A 
, , 2 

b* = c* + a -2ca cos B , cos B 
c 2 = a” + b 2 -2ab cos C , cos C 


_ l^-x^-a 2 
* 2 be 

_ c 2 ♦ a 2 - b 2 
2ca 

_ a^l^-c 2 
2a b 


It is better to write 
the laws of cosine to 
take the sides of the 
traingle a, b, c in the 
same way around, 
so if one formula 
is known we can 
deduce the other 
forms. 



B 


using the calculator to find the length of unknown side of triangle by cosine rule 
One of the engineers tried to find the distance between two positions not easy to reach them by 
using the measuring distances set . He found that his distance from the first point A was 160 m, 
and from the second C was 220m , m(^ BAC) = 54*. using these data. Find the distance 
between the two points to the nearest km. 

1 - Determine accurately the data collected by the engineer. 

2 - Determine the required. 

3 - Represent these data by suitable drawing scale 

using geometrical sets . 

4 - Measure BC in cm. 

5 - Find the real distance between B. C in km. 

6 - Can you use the cosine rule to calculate 

the distance between B , C? Show that. 

7 - Compare between the result you got BC 

using the geometrical measures, and the cosine rule. 

From the previous activity: 

1 - The drawing scale is I cm to 20 km 

2 - By measuring: The length of BC = 9 cm in drawing. 

3 - The real length of BC ~ 9 x 20 ~ 180 km 

4 - Using the cosine rule: a 2 = b 2 + c 2 - 2bc cos A 



Real length = 
Drawing length + 
scale 


Student book - first term 


165 


A I 


printing House 


Unit Four; Trigonometry 


Then a 2 = (160 ? + (220) 2 - 2 x 160 x 220 cos 54’ ~ 32619.9 


Then a ~ 1 80.6 km. 

5 - The results will be more accurate when the drawing is accurate. We prefere to use laws to 

give true results. 

6 • Using a calculator to find the result: 
start 

Cl) 6 0 (23 * 2 I 0 X J - 2 * 1 6 o ifVJ 

GD GD GD GD ' «<>* 1 1 s { a J j j GD i_-j 

Application on activity: Find the length of the third side ( to the nearest -yyyyy ) 
in A ABC in which: 



a a = 4.36 cm , b = 3.84 cm, m C) = 101* 
b b = 2 cm ,c = 5 cm. m (/_ A) = 60* 


Finding the measure of an angle of a triangle given the lengths of the 
three sides : 


Example 



Find the measure of the greatest angle of the triangle ABC in which a = 4.6 , b = 3.2 . c = 2.8 


Solution 

*.* The greatest angle is opposite to the longest side 

/. A is the greatest angle 

. b 2 + c 2 - a 2 0.2) 2 + (2.S) 2 - (4.6) 1 
COsA 5E 2 X 3.2 * 2.8 


by using the calculator 
start 

\ 



The cosine is negative , then /_ A is an obtuse angle 
.\m(Z A) = 99* 53’ 49" 

Q Try to solvo 

1 ) Find the measure of the greatest angle of the triangle ABC in which a = 1 1 cm, b = 10 cm , 
c = 8 cm 



M 
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The Cosine Rule 


4-2 


Using the cosine rule for solving the triangle: 

The cosine rule allows us to solve the triangle given the lengths of two sides and the measure of 
the included angle. 

First: Solving the Triangle Given the Lengths of Two Sides and the Measure of the 
Included Angle 


Example 


o Solution 

We have to find c , m (Z A) . m (Z B) 
V c 2 = a 2 + b 2 - 2 ab cos C (cosine rule) 
= (I I) 2 + (5) 2 - 2 x 1 1 x 5 cos 20* 
c = V (U)2 + (5)5 . 2 x II x 5 cos 20* 


~ 6.529 cm 


cosA= = <j)» + <6.529)».(H)» ,.„ 8|7 


m (Z A) 
m(Z B) 


2bc 2 (5) (6.529) 

144*49’ 

180* - |m (Z A) + m (Z C)J 
180* -| 144.786* + 20*| =15.214* 



11 cm 




Remark 


1 


O) 


Him 


When you find the measure of an angle of a triangle given that the lengths of 
two sides of the triangle and the measure of the included angle, it is preferred 
to use the cosine law rather than the sine law because: 

1* In the case of using the sine law : 

> The sine of the acute and obtuse angles is always positive. 

2 - In the case of using the cosine law : 

> The cosine of the obtuse angle is negative. 

> The cosine of the acute angle is positive. 

> The cosine law allows to solve triangle given lengths of the 
three sides. 

Given that the sum of lengths of two sides is greater than the 
length of the 3rd side. 



Try to solve 

Solve the triangle ABC in which a = 24.6 cm , c= 14.2 cm, 
m(Z B)= 42* 18" 


You can use the 
sine rule to find m 

<Z A), m (Z B) 

after finding c, hut 
the beneft coming 
from using cosin 
rule is to distinguish 
between the acute 
and obtuse angles. 
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Second: Solving the triangle given the length of the three sides: 

Example 

( 3 Solve the triangle ABC in which a = 9cm , b = 7cm , c= 5cm. 

O Solution 

the required is finding the measures of the angles A , B and C 

v cosa = = _zi±iL^L =.0.1 

2bc 2x7x5 

m(Z A) ~ 95* 44' 21" 

c 2 + a 2 -b 2 5 2 + 9 2 - 7 2 « 

cos B = = ■ _ . — ^ — ~ 0.633 

2ca 2x5x9 

m (Z B) ~ 50* 42' 13” 

m (Z C) = 180* - | m (Z A) + m (Z B)| = 33* 33’ 26" 

Try to sotvo 

3 Solve the triangle ABC in which a = 12.2cm. b= 18.4cm, c = 21.1cm 

^ The cosine rule provides a preface to the ambiguous case which has been studied in the sine 
rule, and to find the length of the third side using the cosine law we get aquadratic equation 
and the number of positive solutions of this equation represent the number of triangles and the 
. following example illustrate this case. 

\ P 

^ Example Solving a triangle given the lengths of two sides and the 

measure of an angle: 

4 Solve the triangle ABC in which a = 6cm. b = 7cm , m (Z A) = 30* 

Solution 

the required is finding c. m (Z B) , m (Z C) 



*\ 


9 ) RrmemlMT 


(cosine rule) 


(cos 30 


/T 


) 


V a 2 = b 2 + c 2 - 2bc cos A 
6 2 = 7 2 + c 2 -2x7c cos 30* 

0 = c 2 - 7 /T c + 1 3 then c 2 -7/Tc+13 = 0 

.’. c = ^ (7 /3 i V (_7 /J) 2 - 4 x 1 x 1 3 )(Thc general law for solving the quadratic equation) 
c= 10.935 or c= 1.188 

Each positive solution c represents a possible triangle, so we have two triangles. To find 
cos B then: 

c 2 + a 2 - b 2 


cos B = 


2ca 


168 
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when c = 10.935 

__ (l0.935) 2 + (6) 2 -(7) 2 

cos B , = 

1 2(I0.935)(6) 

cos B ( = 0.812 

m (Z B,) = 35.685* 

~ 35* 41' 6" 

m (Z C,) = 180° - |m (/_ A) + m (</ B,)| 
~ 114.314* 

~ 114* 18’ 50" 


when c = 1.188 

1 2(1.1881(6) 
cos B 2 = -0.812 

m(Z B 2 )= 144.314* 

~ 144* 18’ 50" 

m (/_ C 2 ) = 180' -|m(/ A) + m (Z B 2 )| 
~ 5.685* 

-5* 41’ 6" 


Explanation: In one of ihe triangles c = 10.94. m (/_ B) = 35‘ 41'6", m(Z C) = 144° 18' 50". 
and in the other triangle c = 1 . 1 9 , m ( / B ) = 114“ 18' 50" , m (Z C) = 5° 4 1' 6". Compare these 
results with the results to those obtained in example (3) lesson one (page 158) which solves the 
same triangle by using the sine rule. 

Q Try to wolvo 

( 4 ) Solve the triangle ABC in which a = 8.6cm , b = 1 1. 1 cm , m (Z A) = 63° 

Geometric Applications on the Cosine Rule 

Example 

(s ABC is a triangle in which a = 63cm , b - c = 27 cm. the perimeter of the triangle is 140 cm. 
Find each of b. c and the measure of the smallest angle of the triangle also find the area of 
the triangle to the nearest centimeter square. 

O Solution 

V a + b + c =140 (perimeter of the triangle) ,a = 63 

b + c =140-63 then b + c = 77 (1) 

V b - c =27 (given) (2) 

by adding (1) , (2) : 

2 b = 104 then b = 52 cm 


substituting in ( 1 ) c = 25cm 

We see that c is the shortest side of triangle ABC 

.*. /_ C is the smallest angle of triangle ABC 

. a 2 + b 2 • c 2 _ (63 J 2 + (S2) 2 - (25J 2 

2a b 2 x 63 x 52 

m (Z C) = 22* 37' 


0.9230769 
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the surface area of the triangle ABC = ^ ab sin C 


= ^ x 63 x 52 x sin 22* 37’ — 630cm 2 



Try to solve 


/VN 


v 5 y A ABC in which b = 4cm. a + c = 1 1 cm , a - c = lent . prove that m (Z A) = 2 m (Z B), then 
find the perimeter and the area of the triangle ABC , round the area to the nearest centimeter 
square. 


% Example 


6 ABCD is a quadrilateral in which AB = 22cm , m (Z ADB) 
BC = 25cm, DC = 1 8cm, Find: m (Z CBD) , m (Z BCD) 

Solution 

In A ABD 

m(ZA) = 180* -(50* + 65*) 

= 180*- 115* = 65* 

V m (Z A) = m (Z D) = 65* 

,\ AB = BD = 22cm 

In A DBC 

cos<Z DBC) 


= 65*. m (Z DBA) = 50*, 


_ (BD^ + tBOMDC) 2 


2 (BD) (BC) 
(22) 2 + (25 ) 2 - (18) 2 



22 cm 


-0.7137 


_ (25) 2 -M18) 2 -(22) 2 


: • 25 X 18 


-0.5167 



2 x 22 x 25 

m (Z DBC) - 44* 28' 6 H 

, . (BC) 2 + (CD) 2 * (BD) 2 

COS<Z BCD) " 2 (BC) (CD) 

m (Z BCD) - 58* 53* 28" 

Try to solve 

ABCD is a quadrilateral in which m (Z DAB) = m (Z DBC) = 90* , 
BD = 1 0cm , AD = 8cm , m (Z DCB) = 30* . Find AC to the 
nearest centimeter. 5 


D 


Example 


7 ABCD is a quadrilateral in which AB = 3cm , AC = 8cm. 
BC = 7cm , CD = 5cm , BD = 8cm , prove that the shape ABCD C‘ 
is a cyclic quadrilateral. 



3 cm 


7 cm 
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Solution 

In A ABC 



cos A = 


b 2 + c 2 - a 2 


2bc 

,\ m (Z A) = 60* 
In A BDC 


(8) 2 + Q) 2 • (7) 2 _ | 
2x8x3 ”2 

( 1 ) 


D = (CD) 2 + (DB) 2 - (BC) 2 = (5) 2 -»-(8) 2 -(7) 2 = i 
2 (CD) (DB) “ 2x5x8 2 

,\ m (Z D) = 60* (2) 

V m (/_ BAC) = m BDC) and they are on the same base BC and on the same side of it , 
then the shape ABCD is a cyclic quadrilateral 

Q Try to solvo 

b) ABCD is a quadrilateral in which AB = 9cm, BC = 5cm, CD = 8cm , DA = 9cm. AC = 1 1cm. 
prove that the shape ABCD is a cyclic quadrilateral. 


Exercises 4 - 2 

Complete the following: 

0 is used to solve triangle given lengths of two sides and the measure of the included 

angle 

@ is used to solve triangle given measures of two angles and the length of one side 

( 3 ) In triangle LMN: = m 2 + n 2 - , cos L = m ~ + n ~ * 

NMMNNM 

© In triangle ABC, the lengths of its sides are 13, 17, 15 then the measure of the greatest angle 
is * 

(s) XYZ is a triangle , the lengths of its sides are 5.7cm , 7.4cm, 4.3cm then the measure of the 
smallest angle is * 

yby A XYZ having x = 10 cm , y = 6cm , m {/JL) - 60’ then z = 

( 7 ) In triangle LKM. k 2 + m 2 - / 2 = 




Choose the correct answer: 

8 The measure of the greatest angle of the triangle whose sides lengths are 3, 5, 7 is: 

(•3 150* b) |20’ (c ) 60* <0 30* 


9 ' In triangle LMN the expression - - m * ' n equals: 

2 / m 

cos L (b) COS M (c) cos N 



d otherwise 
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^ In triangle XYZY y 2 + z 2 - x 2 = 2 yz x 


( 8 cos X 


b I sin Z 


( c ) cos Z 


/i N 


v l 1 y In triangle ABC ,a:b:c = 3:2:2 then cos A equals 



a 


I 


b .1 


m 

x 


8 i 


d sin X 



Answer the follow ing questions: 

^ Show that for each of the following triangles there exist only one or two or none solution 
approximated to one decimal place. 


a v a = 4cm. c = 16cm, m(^/C) =115* 
c a = 5cm. c = 1 2cm. vn(/_ A) = 65" 

In triangle ABC? if: 

( 8 J a = 5cm. b = 7cm. c = 8cm 
b a = 3cm. b = 5cm. c = 7cm 
c a = 1 3cm, b = 7cm, c = 1 3cm 
d a = 1 3cm. b = 8cm, c = 7cm 
® a = I (km. b = 17cm. c = 21cm 
0 a = 5cm, b = 6cm. c = 7cm 
9 a= 17cm, b= I Icm, m(^C) = 42 

0 b= 16. c= l4.m(ZA) = 72* 


b a = 12 cm. c = 7cm. m{/_ A) = 27* 
d a = 14 cm. b = 18cm. A) = 42* 

prove that m(. B) = 60' 
prove that m(^/C) = 120° 
find m(^/C) 
find vn(/_ A) 

find the measure of the smallest angle 
find the measure of the biggest angle 
find c to the nearest hundredth 
find a to the nearest hundredth 



^5? In the exercises ( a ■ e ) can the triangle ABC be formed? If so , solve the triangle: 

8 A)= 55°, b = 12cm. c = 7cm (b a = 3.2cm. b = 7.63cm. c = 6.4cm 

c a = 12cm, b = 21cm, m(Z^C) = 95 d ) a = 1cm. b = 5cm, c = 4cm 

(•) A) = 42*, a = 7cm, b = 10cm 



Ai 
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Geometric applications 

16 ABCD is a parallelogram in which the length of two adjacent sides are 18 cm , 26 cm , and 
the measure of the angle between them is 39*. Find the length of the shortest diagonal to the 
nearest hundredth. 

^7) ABCD is a quadrilateral in which AB = 9 cm. BC = 5cm, CD = 8cm. AD = 9cm , AC= I Icm. 
prove that the shape ABCD is a cyclic quadrilateral. 

18 ABCD is a parallelogram in which AB = 9 cm. BC = 13 cm. AC = 20 cm. find the length of BD 

19' ABC is a triangle of perimeter 70 cm. a = 26cm , 
m(Z. A) = 60*. Find Us surface area. 

20 Maritime navigation: Kareem and Ghadeer stand 
on one of the sides river. How far is Kareem from 
the boat to the nearest m? 

21 Agriculture: A farmer wanted to fence a triangular 
piece of land lengths of two sides of it 98 m. 64 m , 
and the measure of the included angle between them 
is 52* What is the length of that fence? 

$ Theoretical proof; ABC is a triangle in which D is 
the midpoint of BC , prove that: 

(AB) 2 + (AC) 2 = 2 (AD) 2 + 2 (BD) 2 
and if AB = 5cm , AC = 8cm , BC = 12 cm find AD. 

@ Theoretical proof: (For pioneers) ABC is a triangle in which: (a + b + c) (a + b - c) = k ab 
prove that: K e |0 , 4| , then find m(^C) when K = I 



Life application: 

^ distances : Kareem wanted to cover the distance from 
city A to city C passing by city B Using his motor bike 
with uniform speed 36 km/h, then returns from city C 
to city A With uniform speed 42 km/h. Find: A 

■ The distance between city C . city A 
b The total time in minutes for the whole journey . 

2"> Architectural design: Architect designed a building at the form 
of regular octagon , the length of its side is 6 meter Find the F 
lengths of the diagonals HB , HC, HD. 

26 Discover the error : In triangle ABC, if a = 7 cm, b = 10 cm, 
c = 5 cm, vn(/_ A) = 41.62*. Find m (/_ B) 


B 




6 m 
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Zeevuad solution 


a 


sinB sinA 
10 _ 7 


sinB sin 41.62 

sin B - 10 s*n 41.62 

7 

m(ZB) = 71.59* 


~ 0.9488 


/ 



kareem solution 


,* cos B = 


a 




cos B = 


2 ac 

(7) 2 + (5) 2 -(IO) 2 


2x7x5 

111 . 8 * 


0.3714 


Unit Summary 

1 The sine rule In any triangle, the lengths of the sides are proportional to the sines of the 
opposite angles, ie. In triangle ABC: A 

> _2_ = _l_ = _£_ = 2r 

sinA sinB sin C be 

(where r is length of radius of circumcircle of triangle ABC) 

and we can use the sine rule to solve the triangle in the following cases: ( 

> If the length of one side and the measures of two angles are given. 

> If the lengths of two sides and the measure of the angle which is not included between them is given. 

3 Determing the number of triangles and the ambiguous case: 

The Ambiguous case: which given in it the lengths of two sides and the measure of angle 
opposite to one of them. If the length are a.b and acute angle A . height is h = b sin A then: 







One triangle 

a < b a = h 


Two triangles 
h < a< b 


No triangle 

a< h 


Surface area of any triangle (SJV) = \ product of lengths of two sides x sin of included 
angle between them 

Surface area of ABC = ^ ab sin C = 4 ac sin B = 1 be sin A 
The cosine rule: The cosine rule states: In any triangle ABC 

b 2 + c 2 -^ 


a 2 = tr + c 2 - 2b c cos A then cos A = 
b 2 = c 2 + a 2 - 2c a cos B then cos B = 


2 be 

c 2 -fa 2 - b 2 
2c a 

c 2 = a + b 2 - 2a b cos C then cos C = . a - + c — 

2 ab 
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Using the cosine rule in solving triangles: we can use the cosine rule to solve the triangle 

in each of the following cases: 

> The lengths of two sides and the measure of the angle included between them are given. 

> The lengths of the three sides are given. 

> The lengths of two sides and the measure of the angle which is not included between them 
( the cosine rule provides a preface to the ambiguous case which has studied in the sine rule 
and to find the length of the third side using the cosine law we get a quadratic equation and 
the number of positive solutions of this equation represent the number of triangles. 



G«n«ral exercises 



Complete the following: 

vly In any triangle, the lengths of the sides are proportional to 

2' We can use the cosine rule to find the measures of angles of a triangle if we know 
or 

(3) The longest side of the triangle is opposite to 

(4) We can use the sine rule to find the length of a side of a triangle if we know 

(5) Solving the triangle means finding and condition that 

elements are given, at least one of them is 


Choose the correct answer. 

(fe In the triangle X YZ if x = 1 5cm , y = 25 cm , z = 35 cm then the measure of the greatest angle equals: 
(■I 150* b 120* c 40* <0 90* 

( 7 ) In the triangle ABC if a = 4cm , b = 7cm , m(^C) = 120° , then the area of triangle ABC: 

(a 14 cm 2 b 7 /T cm 2 c 28cm 2 d) 7 /J cm 2 

8 XYZ is an equilateral triangle , the length of its side is 10 /T cm then the length of the 
diameter of its circumcircle is: 

(a I 5 cm lb 10 cm (c 15 cm d)20cm 

9 If the length of the radius of the circumcircle of triangle ABC is 5cm , m(,/ A) = 30* then a: 

a 5cm b 10 cm c 15 cm <020 cm 

XYZ is a triangle in which y=12.6 cm. m(./ X) = 71' 48' , m(/Z) = 48' 12' Find x , z 
11 ABC is a triangle in which c = 16.2 cm , m(^A) = 33* 18', m(^/B) = 43* 12’ , Find the 
values of a , b and the length of the radius of the circumcircle of the triangle ABC. 

@ Find the perimeterof the triangle ABC. in which c = 8.7cm. m( /_ A ) = 57* 1 3\ m(^/ B ) =64’ 1 8' 
Find the area of the circumcircle of the triangle ABC in which a = 6 cm , m(^/ A) = 60’ 
Approximate the result to the nearest whole number. 
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^4) ABC is a triangle in which AC = 4.7 cm , m(Z B) = 34*. m(ZO = 66*. Find the length of 
BC . then find the circumferrence of the circumcircle of the triangle ABC. 

\ 5 If the perimeter of the triangle ABC is 40 cm , m(^ A) = 44°, m(Z B) = 66% find the length 
of the sides of the triangle. ABC. 

^6 If the area of the triangle ABC is 450cm*. m(^ B) = 82*, m(ZC) = 56*. find the value of a? 

17, Theoretical proof: In any triangle ABC, prove that the area of the triangle eqauls 

4r 

where r is the radius of the circumcircle of the triangle. 

3 8 Find the measure of the greatest angle of the triangle ABC if a = 6 cm , b = 10 cm . c = 14 cm 

JI9) Find the measure of the smallest angle of the triangle ABC , if a = 7 cm , b = 5 cm , c = 10 cm 

^ Find the measure of the angles of the triangle ABC, in which a = 7.6 cm. b = 5.8 cm, c = 3.4 cm 
In the triangle ABC, a = 12 cm. b = 13 cm. c = 10 cm. Find m(Z A), to the nearest minute, 
then find the length of the radius of the circumcircle of the triangle. 

22 ABC is a triangle in which a = 13 cm, b = 14 cm. c = 15 cm . Find m(Z B), then find the 
area of the triangle ABC to the nearest centimeter square. 

'2$, ABC is a triangle in which m(Z C) = 96* 23', a = 7 cm ,b = 9 cm Find: 

(•) c b the area of the triangle ABC to the nearest cnr 

c the length of the radius of the circumcircle of the triangle ABC to the nearest cm. 

^ The perimeter of the triangle ABC is 52 cm, a = 13 cm. b = 17 cm. Find the measure of the 
greatest angle, then find the area of the triangle to the nearest centimeter square. 

^ Solve the A ABC if: 


a a = 12cm , m(Z B) = 59*, m(ZO = 73* 


(b)m(ZA) = 75*35' , a =7 cm 

b = 5.6cm 

c m(. A) = 73' 10' , a = 135cm , 

c = 171cm 

(d ) m(Z B) = 36* , b = 5.37cm , 

c = 4cm 

(• ) m(ZA)= 153* 12’. b=c = 6cm 


® a = 5cm , b = 8cm , 

c = 7cm 

9 m( Z A ) = 60° , b = 8cm , 

c = 15cm 

h a = 14cm , m(ZB) = 53*, c = 12cm 


• 1 a= llcm.b =9cm , m(/C) = 43“ 

12’ 


Theoretical proof 

2b, In any triangle ABC prove that: 

a 2 = b 2 + c 2 - 2bc cos A and If a = 4cm , b = 5cm , c = 6cm. prove that cos C = cos2 A 

i ^ J n 

then prove that the area of the triangle ABC = — cm 2 
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The Cosine Rule 


4-2 


Geometric applications 

2Z, ABCD is a parallelogram in which AB = 18 cm. CAB) = 36°, m(/_ DBA) = 44*. Find 
ihe length of AC to the nearest centimeter. 




2% ABCD is a quadrilateral in which CD = 1 (X) cm. m(_ BCA) = 36*. m( < / BDA) = 55*. 
m(/_ BCD) = 85*. m(^/CDA) = 87° , find the lengths of BD , AC to the nearest centimeter. 




29 ABCD is a trapezium in which AD // BC , AC = 15cm , m(^ D ) = 1 18*. m(^/B) = 64’, 
m(^CAD) = 24* find to the nearest hundredth. 

a the length of AD , BC . b the area of the trapezium ABCD. 


Os 


30 ABCD is a parallelogram its diagonals intersect at M. AC = 16 cm, BD = 20 cm. 
m(/AMB) = 54*. find the length of AD to the nearest centimeter. 


O 


31 ABCD is a quadrilateral in which AB = AD = 9 cm , BC = 5 cm , CD = 8 cm , AC = I Icm. 
Prove that the shape ABCD is acyclic quadrilateral 


/O 


22, Theoretical proof; in the triangle ABC prove that 


a _ b _ 


sinA sinB 


sinC 


, then prove that 


the area of the triangle is given by : 

S.A(A ABC) = . a 2 sin B sin ( _ ^ t f, cn calculate the area of the triangle when: 

2 sinA 

a = 2/T cm ,m(^B) = 30*. m(^/C) = 135 * 


/O 


33 Theoretical proof; in the triangle ABC prove that 


1 


I 


1 


_S_ 

A 


c sinA a sin B b sin C 
where S equals half the perimeter of the triangle ABC, and A is the area of the triangle ABC. 

^ ABCD E is a regular pentagon of side length 1 8.26cm , Find the length of the diagonal AC 

Life applications: 

^ The two places A. B are located on the same edge of a stream 
and the distance between them is 17 meters, the place C lies on 
the opposite edge such that m(X BAC) = 72*,m(^ ABC) = 53* 

Find: 

a The distance between the two places A , C to the nearest meter, 
b ) If the two edges are parallel , find the distance between them to the 
nearest hundredth. 

^ Art gallaries: A picture was hanged on a wall of a gallery with a string tied by two rings on 
the above horizontal edge of the picture and it passes through a nail on the wall, if the length 
of the string on each side of the nail is 30 cm and the measure of the angle between the two 
parts of the string is 50°, then find the distance between the two rings on the edge of the 
picture to the nearest centimeter 
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Accumulative test 



Multiple choice questions 

Without using calculator, the value of cos 120*: 

•)§ (» 4 

y2y Which of the following angles has -ve for sin and tan: 

(•) 52* b) 150* c 200* 

^ What is the value of Z on that ramp to nearest one decimal. 

( • ) 5.8 b 1 6.1 Z 

(c ) 12.3 <019.1 


(d) 



d J 315* 



20 


4 What is the value of a to the nearest tenth in triangle A ABC in which b = 6cm , c = 7cm , 
m (Z A) = 30 *: 

(a)3.4 cm b 3.5cm c ) 3.6 cm - 6.6 cm 


© If the terminal side of angle 6 in standard position cuts unit circle at point ( T - ) 


then tanO equals : 


/T 


c -4 


d ST 


3 4 

(b) The identity connecting tan 6. sec E is in the form: 

I a) tan 2 0 -I = sec 2 6 b) sec 2 6 - 1 = tan 2 6 

( c) tan 2 # - sec 2 9 =1 d tan 2 9 + I = sec 2 9 

(0 The radius length of circumcircle of ABC , in which m(./ A) = 60* . a = 2 /T cm is: 

( • ) 2cm b ) /X cm c 2/T cm (d)-4i 


cm 


8 In triangle LMN quantity JH 


2 + n 2 -/ 2 


cos M 


2 mn 
b sin N 


equals: 


c cos L 


d sin M 


d cos 
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Questions with short answers: 

(9y The accurate value for each trigonometric function: 

a sin 225° b Sec 150° c Tan^- ° cos^r 5 - 

4 o 

3q Find two angles one with +ve measure and the other with -ve measures having the s 
terminal side with each of the following angles: 

a) 135* b ) 315* c -45* 

1 1 Change to radian measure or degree measure for each: 
a) 300* b ) . 1 35 * c M 


- ? 


« n -f 
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12 Find length of arc apposite to angle of 2 10 ° In acircle of radius length = 6cm. 

| Hint: L=r x^l 

1 3 If sin A = where ^-<A<^,tanB = ^so^<B< find value sin A cos B + cos A sin B. 


Hint to No 13: Find trigonmetric function for each /_ A , ^/B , using the quadrants then 
substitute in the required expression. 

In the triangle XYZ if x - 10cm , m(/i X) = 30 \ vn(/i Y) = 45\ find y to the nearest tenth 
^ ABC is a triangle in which a = 4cm, b = Scm , c = 6cm. find the measure of the greatest angle 
of the triangle then find its area. 


Long answer questions: 

ife ABC is a triangle in which. m(^/ A) = i m(. B) = ^ m(^C) , the length of the radius of 
the circumcircle of the triangle ABC equals 1 0cm Find the area of the triangle ABC. 


_ 2 




17, ABC is a triangle in which a = 13cm , b = 1 4cm , c = 15cm, find the length of the radius of 
the circumcircle of triangle ABC. 

181 Solve the triangle LMN having m= 17cm , m(^/L) = 16 ! 33° ,m(^N) = 19° 44° 


^9 For triangle ABC determine whether there is one or two y 
or none solution . Find the solutions approximating the 
side to nearest one decimal and angles to nearest degree. 

( a ) a = 20cm, b = 28cm. m(/_ A) = 42* 
b a = 5 cm, b =7 cm, m(/_ A) =60* 

( c ) a = 15cm. b = 1 0cm. m(/_ A) = 120* 

3Q Using given figure prove that: 
a 2 =b 2 + c 2 - 2b c cos A 

( Hint: Using the distance law between to points to find (BC) 2 


B (c cos A , c sin A) 

B 



Do you need extra help? 


If ton aren't 

w 

able to solve 
question no 

i 

2 

K<> hack to 

Previous 

skills 

Previous 

skills 


n 

12 


^ — 
1* 

Previous 

skills 


3 

4 

5 

6 

lesson 

1-4 

i t 

g r* 

Previous 

skills 

lesson 
1 4 

13 

14 

15 

16 

Previous 

skills 

St 

± 

lesson 

2-4 

lesson 
1 4 


7 

8 

9 

10 

lesson 

24 

lesson 
1 4 

S ** 

J <N 

lesson 
1 4 

17 

18 

19 

20 

T 2 
-L «■* 

lesson 
1 4 

lesson 
1 4 

§ 1 = T 

8 I 3 " 
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General tests 


Test 1 


Algebra 


Answer the follow ing questions: 
Question (1): Choose the correct answer. 


CO If 5" = 2 then 25* = 

(a) 10 b 6 c 5 d 4 

C 2 ) The shape which represents y is a function of x is: 



( 3 ) if the curve y = log 4 (1 - a x) passes through ^ ) then a = 

(a) 2 b) 3 c 4 d 8 

4 From the following functions, the one-to-one function is: 

( l C/|(-*) = x + 2 b ) f 2 ( x ) - x 2 c ) f 3 ( x ) = W d f 4 (x) = 5 


Question (2): 

1 Determine the domain of each of the following functions: 

( * :/W '7TT- b 8<,) = 7TT + 7TT 

(£ If /is a function, where fU) = ( ** • * > 0 Graph the curve of the function /and 

l -2jr , x < 0 

from the graph find the range of / 


Question (3): 

Co If f\' R * R where /,(.r) = 3 jt - l,/ 2 : |-2. 3| — * R where f 2 (x) = 3 - 2t then graph the 

function (/, + f 2 ) (jr) showing its domain then check its monotony. 
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2^ Find the inverse function of the function y = x + I and graph them on the same figure. 
Question (4): 

CO F' n< l ' n ^ the solution set of each of the following equations: 

8 log^ = 1 - log 4 (.v - 3) b Lr + 21 = Ur - 31 

(0 Use the curve of the function f whereat*) = .r 2 to graph each of the following functions: 
(0/ 1 (jr) = Jr 2 -3 b f 2 (x) = x* + 3 


Test 2 Algebra 

Answer the follow ing questions: 


Question ( I ): Choose the correct answer. 

CO If 3 *‘ 2 = 2 *' 2 then jc = 

(a 3 b -2 c zero d) 2 


C2) If >• = H~x for all x > 0 then the inverse function of y is = 

(A y = l*3 = ^ (C|y«x’-| D) y =jfi 

CO If /i s an odd function on |-*. .t| then /(-*) + /(*) = 


A 2x I 0 not defined (C ~2x 


D zero 


4 The curve in the opposite figure is symmetric about the straight 
line whose equation is: 

a x = 0 lb) y = 0 

(c y = -2 I d) x = 2 

Question (2): 




If f(x) = ar x prove that the expression 
value of or. 


I 

f(x) ♦ I 


+ /(-*) ♦ 1 


has a constant value whatever the 


CO F'nd the domain of the function / where f(x) - log, , * 
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Question (3): 


1^ Use the curve of the function f where f(.t) = W to graph each of the following functions: 


A /,(jr) = W + 1 


B f 2 (x) = 2 - lrl 


2 Draw the graph of each of the following functions then determine the domain, monotoncity 
of each: 


a /(•*) = or 1 - 4.v + 4 


( b f(x) = Lr 2 - Ax + 51 . x 6 |0. 4| 


Question (4): 

1 Determine whether each of the following functions is even, odd function or otherwise. 

f x 2 when x > 0 

( A /,U) = x cos x B ) f 2 (x) = | 

( C f } (x) = - I 

2y Find in R the solution set for each of the following: 


Lrl when x < 0 


a ) Lrl + x = 0 


b I2.t - 31 - 16 - 4 jd > 0 


Test 3 


Algebra 


Answer the follow ing questions: 


Question ( I ): Choose the correct answer. 

1 2 when x > 0 



A (2.0) 


2 when x < 0 
B) (-2. 0) C (0. 0) 


is symmetric about the point : 


D (2.-2) 


v 

v 2 ; The exponential function f where f(x) = a' . (a > I ) then /(.r) > I when 


A jceR 


B jreR* 


(C)jreR- 


D xeZ 


( 3 ^ The area included between the curves of the two functions f(x) = U +31 - 2 , g (jr) = zero equal 


a 2 


b 3 


c 4 


d 5 
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4y If log,4 = 2 then x equals 


(A 4 IB) ±2 (C| 2 D)-2 

Question (2): 

CO Simplify : log n x + log iv y. 

( 2 ) If fix) - 2 X find the value of x which satisfies the equation fix + I ) - fix - I ) = 24. 
Question (3): 

CO Write the rule of the function which represented by the straight line whose slope is -1 and its 
y-intercept is 3 

CO Graph the function /where fix) = ix- 2)ld and from the graph find its range and monotony. 
Question <4>: 

(0 Use the curve of the function /where f(je) = x 3 to represent each of the following functions: 
A /|U) = U + l) 3 B f 2 ix) = x 3 * I 

CO ^ n d in R the solution set of the equation I2.t • 31= 1 1 


Test 4 

Answer the follow ing questions: 


Algebra 


Question ( I ): Choose the correct answer. 

1 The domain of the function fix) = log |y .r is: 

A jr > 0 (B;r<| C 0 < jc < I d)0<jc<I 

( 2 ) If /is a function where fix) = — then the point of symmetry of the function fix * 1 ) is: 


(A 1(1.0) (b)(o. d 

X 


Y 

c (-1,0) ID (.1,1) 

1- 

— > 


v 3 y The opposite diagram shows the function /: X > Y then/' l (4) = 

2 \ 

V 

/3 

(A | IB ) 2 

(C 5 (0)7 

5*^ 

7- 

A 
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4 The curve of the function g(x) = x 2 + 4 is the same curve of f(x) = x 2 by displacment 4 units 
in direction 

(a) OX b) OX' |c OY (d OT 


Question (2): 

J Graph the curve of the function /: R ► R* where fix) = 2' , *E |-3. 4| and from the graph 

find approximated value of each of /(-1 .5) , 4/2 

( 2 ) Without using calculator find the value of log25 + 

log64 

Question (3): 

1 If /(. r) = x 2 - 1 , g{x) = x * 1 then graph the function J-(x) showing its domain, range and monotony. 

8 

( 2 ) Find the solution set of the equation: Ur + 31 + lx = 0 


Question (4): 

1 Find the solution set for each of: 
(■) 13* + 2 I + 5 = 9 

^ 2 ' Represent graphically : 



I 

12 * -31 


> 2 


A curve passing through points (0. -2) . (2, 2) . (3, 7) and represents an even function 
b A curve passing through points (0. 0) , ( -2, I ) , (-3, 3) and represents an odd function. 


Test 5 Algebra 

Answer the following questions: 

Question ( 1 ): Choose the correct answer. 

1 The function /where f(x) = 2* represented by the figure: 

( A I (B) C) (D 




r, 

1 








1— 





T 
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v2 The expression — * lo £~ — is equivalent to : 

log4 4 log3 

(A log, 2 IB log 7 2 (C log , 2 8 

( 3 ) if nx) = n . jr2 then the domain of /= 

(■ l-2,2| b |.2,2| (cl |-2,2| 

4y If the function /is an even over |a, b| then b equal: 

a a b -a c 2a 


D log 7 8 


(<■> 1 - 2 , 2 | 


d 


3 

a 


(Question (2): 

1 If the curve of the function / where /(or) = log a .t passes through the point (4. 2). find the value 
of a then graph the function / on |-3. 3|. 

4 2 

y2y Find in R the solution set of the equation : x - lOx 4 9 = 0 


Question (3): 

(ly Find the solution set of the inequality I3.t - 21 > 7 in R 

2) Use the graph the function / where f(x) = jr to represent: 

(•/,<*) *4 + jr I b ) f 2 ( X ) = x - I 

Question (4): 

'l Prove that the function f(x) = - — Lvl ■ is even function , draw its graph , then find Graphically, 

Itl 

and algebraically the solution set of the equation fix) = 0 

( 2 ) Find a , b , c which makes fix) = g (jr) where fix) = (a + b) jr 3 -2 , 

g(jr) = Jt J + (a + c).r + b then draw the function fix) and check its monotony. 
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Test 6 


calculus and trigonometry 


Answer the following questions: 
Question ( I ): Choose the correct answer, 
(l) I'm 


X -» oc 

A | 

8 


x* + S 
Mix 1 ♦ 3) 


B 1 


C ~2 


0 ! 




2 In triangle ABC , If 4 sin A = 3 sin B = 6 sin C. then m(^C) = 


(A 89* 


B) 29* 


C 57' 



D 82* 


I x 2 - I 
or- I 

, 2a 

( • ) zero h -2 


. Jr# I . 


4 In triangle XYZ , the expression 


x 2 +) J • z 1 
2 ary 


, x = I 

le) 2 

equals: 


is continuous at or = I , then a = 

(<0 i 



a cos X 


b cos Y 


c cos Z 


d sin Z 


Question (2): 


® Find (a) lim , Jt3 ~ 32 


or-* 2 0 ^ + 3*- 10 


b) lim 

or—* 0 


( 2 ) Solve the acute angled- triangle ABC in which a = 21 cm , b = 25 cm the length of the 
diameter of the circumcircle of triangle ABC equals 28 cm. 


sin 2r + 5 sin 3or 


Question (3): 

(l) from the opposide graph find 

( a ) lim f( x y b lim /(*) 

or- I x— 2 

® ABCD is a parallelogram in which A) = 50*. vc\{/_ DBC) 

BD = 8cm. Find the perimeter of the parallelogram. 


c /(D = 


= 70*, * 


Question (4): 

® ABC is a triangle , in which a = 5cm, b = 7cm , m(^/ A) = 40 s find m(_ B). 

(2 Find the value of a which makes the function /is continuous at x = 2 

x*-\ , or** 2 

x -2a . x <2 


fix) = 




Y 







4 







3 














T 

n 





V ■ 

t - 

• 

* , 

r : 

\ J 

1 X 



v 

□ 
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Test 7 


calculus and trigonometry 


Answer the following questions: 
Question ( 1 1 : Choose the correct answer. 


V s lim *-3 
V> x^ 3 ~T9 

(A 3 


B i 

9 


( 2 y In triangle ABC, cos A = 


A 


2 .2 2 
a + b - c 

2 a b 


B 


2 2 .2 

a ♦ c - b 

2 a b 


c i 


.2 2 2 
b +c • a 

2 b c 


» i 


O 


2 2 .2 

c • a - b 

2 a b 




ABC is a triangle in which ^ s * n ^ = ? ! 5 £ then a: b: c = 

3 3 4 



A, 6:5:8 


4 lim 

T-4 * 

A | 


J x 2 + 3 _ 


2r + I 


B 8:5:6 


B 2 

2 


C : 7 : 2 : 4 


c i 


D 3:5:6 


D 3 


Question (2): 

CO If the function / where /lx) = 


the value of a. 


/VS 


x 2 ♦ 2x - 3 
3 

x + a 

.1 


*#•3 
x = -3 


2 ABC is a triangle in which sin A = ^ sin B = ^ sin C. Find m(^C) . and if the perimeter 
of the triangle = 24 cm, find its surface area. 


is continuous at x = -3, find 


Question (3): 
CO Find : lim 


x 2 + sin 3 jc 


x-* 0 5.rcos2* 




v 2 y Solve the triangle A B C in which a = 9cm , b = 15cm , m( i /C) = I06‘ 


Question (4): 

CO Find lim 


(jr + 3 ) 5 - 1 
x 2 * 4 


, 2 , ABCD is a quadrilateral in which AB = 27 cm. BC = 12 cm. CD = 8 cm. DA = 12 cm. 
AC = 1 8 cm. Prove that A C bisects /_ BAD then find the area of the shape ABCD. 
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Test 8 


calculus and trigonometry 


Answer the following questions: 

Question ( I ): Choose the correct answer. 

lim 2x * sin 3 jt _ 
jr-> 2 

A 5 


tan 5x 


S s 


c 1 


D 


zero 




2 In triangle ABC * if a = 6, m(^B) = 2 A) = 80 s then c = 


A 6 sin 40* 
sin 60* 


B 


sin 60* 
6 sin 40” 


(C) sin40 ’ 


6 sin 60* 


D 


6 sin 60 
sin 40* 


® ,im 
X — » * 


x ”* + 2x 2 + I _ 


x' 1 + x *' + 3 

( ■ ) 2 b (|) 

4 In triangle X Y Z if: 

( a ) 60” b 75* 


c 3 


d 1 


sin Z 


then the measure of biggest angle in the triangle is 


d) 120' 



c 90” 


Question (2): 


® If/C*) = 


x 1 - 7jt ♦ 12 

To 

2x-l 


, x > 3 

Discuss the existence of lim fix) 

,jc<3 


( 2 ) ABC is a triangle in which m(Z_ A): m{/_ B): m(^/C) = 3: 4: 3 lfa = 5cm. Find the perimeter 
of the triangle ABC. 


Question (3): 

1 ) Find a ) lim - 27 

x — » 3 jt-9 


b lim 

jr-0 


x 2 * sin 2 3 jt 


2 In the opposite figure. ABCD is a quadrilateral in which AB 
BC = 6 cm, m(/_ B) = 90°. DC = 5 cm, m(^/ ACD) = 60°. 
Find the area of the circumcircle of triangle ADC 

Question (4): 

1 Discuss the continuity of the function / where 

( x 2 *x~2 > ~ 

x*2 X at x = -2 

3jt + 5 x < -2 



( 2 ^ Solve the triangle ABC in which a = 5cm,b = 2c = 8 cm. 
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N 



The Cosine Rule 


4-2 


Test 9 


calculus and trigonometry 


Answer the follow ing questions: 
Question ( I ): Choose the correct answer. 


x 7 -l _ 


® ' im i T~i 

Jt-» I X - 1 

A) 7 


In triangle ABC , 




B 8 


C } 6 


zero 




a ♦ b 


MMtl — I If t 


A Jj 


sin A 


sin B 


B sin A 
sin C 


C sin A (d sin A 

sin A + sin B sin A + sin C 


[ 3 ) If the function f where f(x) = | 


sin ax 


x#0 
x = 0 


A | 


B I 2 


C 3 


continuous at x = 0 , then a = 


(D 4 


4 In triangle XYZ If x = y then cosx = 


A _2v_ 
z 

Question (2): 
(l) Find 


B 



lx 


O 

2x 


a lim 

x — ♦ 0 


x + 4 - 2 
jr+jT 


(b) lim _L / 3+4X 2 

JT — • x X 


( 2 ) ABC is a triangle in which m(^/ A) = 35 , a = 8 cm. b = 6 cm find B). 


Question (3): 


I " i* + 3 

x* + 2x- 
x- I 


x> I 

X < I 


at x = I 


AN 


2 If the perimeter of a regular pentagon is 30 cm , find its surface area. 


Question (4): 


If the perimeter of the parallelogram ABCD is 20 cm and the ratio between the lengths of 
two adjacent sides is 2 : 3 , BD = 8 cm. Find the length of AC . 


„ .. f sin 2x r > 0 

^2 y if lim /(x) = 2 where /(x) = f x ’ find value of 

Jt-»0 l a cos 2x , x<0 


a 
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Unit Four; Trigonometry 


I 


Test 1 0 


calculus and trigonometry 


Answer the following questions: 
Question ( I ): Choose the correct answer. 

0 lim = 

jc-» a jc -a 

(A)-HL 
n 


BJ JH(a) 


n-m 




v 2 y In any triangle ABC , 


n 


sin C 


sin A ♦ sin B 


A 1 


B) 


a ♦ b 




lim 5 + j r 1 _ 

jr-* « 3ar J + 1 



B ^ 

3 


(C JLial" 
m 


m 


a 


b + c 


(C)5 


D -in (a) 
n 


n-m 


0 


a + c 


D 5 



The lengths of sides of a triangle are 6 cm , 10 cm and 14 cm then the measure of the greatest 
angle is 

(a) 120* B 150* 1C) 135* (O I 60* 


Question (2): 


J Discuss the existence of *' m f(x) where /(jc) = I Mn 

x — ♦ 0 [ 5c + 




tan 2c 
x 
6 
c*3 


, jc > 0 


, jc < 0 


s2 y Solve the triangle A B C in which a = 5 cm, b = 7 cm. C) = 65*. 


Question (3): 

® Find the value of m which makes the function f where f(c) 
continuous at x = 2 


x 2 * * * * * - 5c + 6 
.r' - 8 

-2 

TmT 


2 In the opposite figure, circle of centre M, AB = 5cm, m(/AMB) = 80\ 

m(„/ CAB) = 85' Find: 8 The perimeter of triangle AABC 
b The area of the circle M 


•r#2 


c = 2 


Question (4): 

® Find lim (jr + 3)5 1 
c-» -2 jt + 2 

® ABC is a triangle show whether it has only one solution, two or none. Given your answer 

to the nearest one deci mal . 




8 m(Z. A) = 105*. a = 8 cm, b = 5 cm lb m(/_ A) = 47*, a = 4 cm. b = 6 cm 
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Answers of some exercises 


toil one : rail funrtiom xml drawing *naj>h* 
Some anmm of the exercises (1*1) 

1 The relation representing function is ( D) 
5 Range of the function * |l. 3| U {-I } 
® R • 13. 5| 

® |-3,3| ® The range = |l. I0| 

jq s| Z( 10) - 80 cm/s 
b 2(150) m SOcm's 
c Z(2I0)- -4x 210+ 880- 4Qcm<’K 
a R5000) = 12500 
b R 10000) *22500 
u RL) - L J 
• C(3) = 9 


b ( 222. 

V, 4* 16 


Some answers of the exercises (1-2) 
j) The am is symmetric about the X 
axis (I) (2) 

The cunc is symmetric about the Y 
axis ( I ) 

The curve is symmetric about origin: 
(I M3). 

® Thccven functions: (a). (I ) 

The odd functions: ( B ) . (C) , (F) 

Other wise: (D) , (E) . (H) 

4 ) a . d odd c even b otherwise 
X a . c even b odd d other w ise 
7 ) Rg < 1 1 I he rang * | 2 . «f, net one - 10 <>nc 
Rg(2):lhc rang«|-2. 2) - (0) jmt owe -in 


Rg (3)c the rang ■ |-3. 6|, is* one - to one 
Rg (4)C The rang = R • (0). acit one fc> one 
A ♦ B , C one -to- one. 

D . E not one - to -one 

Some answers of the exercises (1-3) 

CO fig ( I )c the range ■ R - | -2. 2 1 

function increasing over |-*, 0|, |0, x| 
fig (2)c the range ■ |0. *| 
increasing over |-2. 0|. |2. »| 
decreasing over |0. x| 
fig (4)c the range ■ R - )0. 3| 
increasing over |-», 0|, |0, x| 

(3) a the range • | 1 . 6| . decreasing over 
)-2. I|. increasing over |l ,6| 

Some answers of the exercises (1-4) 

CO • C--4 
® c ® B 


34 • HX)-l + 2 b KX>ol-3 

® •> 

100 O^o 

b 4/T *(2)3 

X M 

• RX)=-L--2 

c 

1 * 7 zero 

d l2l-(/TT)4 

• A 

® B 

H B 

f RX)«_V*3 

3$ B 

n a 

« B 

x-1 

Some answers of the exercises (1-5) 

34 d 
34 * 

4 b 3 

c 6 

®<-l.3> ®<-2.5> ® {6> 

d 4 

a >3 

(4)W ® (l» ®<§> 

J6 • 

27 b 3 

c 3 

34 < -4.io> 3*<>.s> 

d 

9 la 1 3 

f -3.2 

«l-».0| 3i<i> 

34M.. 3) it M.5I 

Some answers of the exercises (2 - 6) 


® • 

1 b 1 

6 2 

Unit Two: Exponents arvg 

d 

1 a 0 

f) o 

Logarithms , and thair applications 

CO • 

X b A 

c ✓ 

Some answers of the exercises (2-1) 

d 

X a| ✓ 

f ✓ 

® a 4 b C 

d | « 4 

® •) 

0.4983 

b 2 

c 

1.1374 

d 1.2237 

c«) • 4 b 1 e 16 

c ■) 27 Number ® 

■ in - ■ 

a 1 3 b) 10 9 


d (YXI* 

f <0.4> 


• 2 

a 25 


Some answers of the general exercises 


® 


® 

/VS 


a 

1} ®9 

CO 

a 

B b 

D c) A d A 

d 

<0.±#T > 


t 

B I 

B a B 1 A 

a 

{ 1.321 » <«.2S> a { 27) 

® 

a 

(-1) 

b (4) c (2) 

le i 

answers of the exercises (2 - 2) 


d 

(8.-8) 

• (10.0.1) 

b 

X, 5 • X-l. ? 


f 

(16) 

a <i) 

a 

3 

R . KK *| , increasing 


1 

<¥> 

£ 

b 

R * |0. x| , decreasing 

® 

a 

25 

lb R , R* 

c 

R * I-* , -3| increasing 


c 

R\ R 

d 1 

d 

R * |3.» | increasing 


i 

(2.0) 

f 64 


® 217126 L.E 

® Y « 54000(0. 1 /* 54 

® 155 CO 3*400(1.04/* .53881 

Some annm of the oterciae. (2 - 3) 


Answer of accumulative test 

® • 10 b H> • 2 


® A ® C 


- 

a 

B 

b 1 


c C 

® 

a 

(l> 

»> (-D 


e (2> 


f 

(2> 

b (2.3) 


1 <7> 

® 

a 

6 

b zero 



. 

\4y 

2 


® i 



a 

v*/ 

a 

2046 


b 

16 

Some answers of the exercises (2 - 4) 

® 

0 

r'ui 

■ 3 - Or - 

2/ 

wwrsr<2 


J) 

.-. r ' i 

U) ■ S7+ 


4 bSm X < 


tie answers of the exercises (2 - 5) 

® 

a 

lug i 
3 ^ 

«-2 


b log JUl. 
■ j 625 


* 

k* 1 

■ zero 


d log 4-4 


CO • (32.3) 

6) <¥> e (I) 

® a 7 b 89 c zero 

® (X*Y) J -zcfo<- X-Y 
® a) 17.15 

Unit Three: Limits and continuity 

Some answers of the exercises (3-1) 

CO • /a) *2 b lim Jtx)«3 

XI XI 

c lim yfx) =1 

XI 

CO • /a)* I b /(0)-l 

X 0 

® lim (5x + 4) « 14 

x 2 

JQ lim ( 3\ ♦ I) = -2 
X-l 
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Unit Four: 


Trigonometry 


'JV lim 
Xl 

«’->=. 2 
X 4* 1 


M lim 
X 2 

x * 2 .1 


TTT 4 


tt • 2 

b -3 

c 3 

d itro a /cm 

f ter 0 

Some answers of the exercises (3-2) 

CO 3 

© *i 

© 1 

(4)*» 

© SA« 

V 2S 

A K 

/SN J. 

^ 4 

® 4 
3 

© 3 

M 2 

m * i 

» 8 


ef 


Some answers of the exercises (3 - 3) 

vv 1 

© 2 

© -7 

® * 

® 2 

® * 

® » 

© 3 

© 3 

M 0 

m 3 

M ■ 

M 2 

M 9 

M -5 

* I 

M -1 

M 1 

M ^ 

52 — 
w 10 

Mf 

Mi 

«-3 

» i 

M<* • 

4. b .4 

M2 

Some answers of the exercise* (3 - 4) 

®i 

©0 ©0 

©7 

®i 

©i ®* 

Ml 

MO 

Mo M-i 


M-3 

«• M 28 

M 63 

Mi 

H-l MI7 



Mo Mi 


4 ) discontinuous at x » -2 Continue* at \ = I 
® Continues at X =2 
'§) ( outmuc* at X «0 
( 7 ) continues on R 
.• continues on R 
> continues on R • {0, 2} 
continues on R - {5, 3 > 
ji continues on R • (2. -2} 

Ji continues on R - {>2} 

3a continues on R - {3. -3 . 4- n/t > 

vsbere Y € N 


M continues on | - | 



3 X ♦ 1 -co» X .. 

ix •*>• 

M*x>« j 

2 

5 

, X * te to 


k 4 cos X 

•r 

, X < zero 


(X 30)»+ (X - 3) 

, X >3 

>3 

M/x>- 

X 

1 

•3 

X 


^ cos ( 3 -X ) 

X< 3 

^ 111 1 a 9 % r 

of (be jprorml Karrrhn 

4 j 6 

©4 

w 1 

®i 

a does not exists 


Mf 

M| 

M 16 


Mi 

M -3 

« I 

ef 


M • 2 

b 2 

c 2 


M3 

Mo 
M if 

M * 
Mf 


M 2 

M 0 

Mj 



^ it cannot M *2 

4<) continuous on the inters al |0 . * | 
«A- j B-.f 


Some aniwrn of the rxrrrUe* (3 - 5) 


© • 1 

© • * 

® • -2 b -3 
d don not exists 
« • 2 
« • 3 
© • 0 

V .1 ^ 


©*» 

M 1 


© 10 - 

»2 


b I 
b x 

c i 

E docs not exists 

b 2 
b 0 

b -x 

(9 does not exists 
Ji does not exists 


Some answers of the exrrclscs (3 - 6) 

® Continues at X =1 
X Continues at X «2 
X Continues at X =3 


iM«rrn of ArruMuhMive Test 

© 3 . -2 © -3* 


® - x +4 

J. 1 

2 A 5 

»i «f 

»i «i 

ia * discontinuous 



b discontinuous 


c continuous 
1 continuous 

M • k*-* 

c k - 162 

Wk-4.M--i 

se 


d 

f 

b 


continuous 

continuous 



i 

3 


Unit four: Trigonometry 

Some answer* of the exercise* (4 - 1 ) 

S) A* : b : c ■ 6 : 4 : 3 

® 20 cm 4 11.3cm ® 4 

A v 7y ^ ® ^ 

® D MC $$ D 

M • B = 20.05*. C = I27.95\ 

C ■ 25.3cm 

M AC 2 14.61cm . BC = 16.59cm 
M BD 2 : 1 1 18m. AC = 1438 M 
H b 2 : 18 cm . r 2 : 16.56cm 
^ a 2 193.1 1 km.b 2 69 44 km 

Some answers of the cxercbe* (4 - 2) 

( 4 ) 74.38 * ® 35.41 * (a) 2 /l9 cm 

® » ® A 

M a it B 

M C 74.38* 4 - 120* 

I 2807 1 (F) 78.46* 

g 11.49cm h 17.71cm 

M Bl>* 10 cm M 105/T cm 2 
M 85 m 239 m $$ 2 9 cm 

Soon* tnwm of the groeml Earrrioe* 

M a 5: 9. 1 5cm. b ft 1 1 4cm, 
r ft 8.33cm 

M 26.48cm M 38 cm 2 
54 BC a: 8 28cm. 

circumference of circle ft 26.4cm 
M 1 0.9 1 cm, 14.34cm, 14.75cm 
M 108*34* , 46* 20* , 25* 6* 

M m(ZA) ft 61* 16* ,r ft 6.84cm 
M m(ZB>ft59*29*, 

S.A of triangle ft 84cm 2 
ii a c ft 1 2cm 

b S.A of triangle % 3 1 cm2 
e r ft 6cm 

MiMm of ArrunMilativr Test 

CO B © D ® B 

© D ©A © D 

M • 1 288 c *;jb if 0 315* 

n in 
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General Tests 

First: The answers of Algebra Tests 
Test 1 

OueMion ( I k 

®D ® C ® A ® A 

OwMnmi (3k 
The domain » | -2, 3| 

Question 1 4k 
\ l • the S.S « {4} 

(j) the S.S » { 1 } 

Test 2 


QurMioa ( I k 


CO D 


(4)B 


Qurslbi (2k 

(t) Proof. Jly Domain ■ | I,* | - <2) 


Quntion (3k 

Cl) • range ■ | 0,* | b range *11.51 
Test 3 


QueUioa 1 2k 

<i> . 

SV 1 

Quntioa (3k 


C0-» 


(0/l*)«-* + J 

QurMioi 1 4k 

(?) O. -*> 


Test 4 

QurMioa I Ik 

'Y x r ''j'' r 

0/ v vv 1 

OkMnm (2k 

0) 0.4 . 505 

Question (3k 


® <j> 


Quest m»n (4k 


® A (4>C 


v?> 2 


vV 


{ ?.- 2 > 


.* 2 1 

U'4 1 


Test 4 

Question ( I k 

Do 2 c 


v J > A 


® B 


Qursliun <2k 

® A-2 ® (♦27. 27.1.. 1} 

Question (3): 

® R-l-f.JI 

Quest i< mi (4): 

v 2 y A = 3 , B * *2 , C 3 -3 

Differential, Trigonometry 

Test 6 

Question (Ik 

®c ® B ® D ® B 


Question (2): 

® . f b 17 


(l) A ■ 4W* 35’ , B a 14' . 63*. C ■ 68* IT. 
A’ * 26cm 


b lim f< \) = I 

X 2 


Question <3k 

5) a lim f(i)s0 

Xl 

c) f(l)«0 

Quest (<mi (4k 

®A-f 

Test 7 


Quest i« mi (Ik 

CO B CO D ® A CO C 

Question (2): 

® A- l 

Xy ni i/_C) = W\ perimeters 12cm 2 


Quest i« mi (3k 

CO i 

yly C * l^ m * B 
(A) = 20® 46* 


- 53* 14- , 


Question (4): 

CO "4 (0 1 24.3 cm 2 

Test 8 


Quest it mi (I): 

I C X B 
Question (2k 

CO I 


/s\ 


j; d O c 


SrV 


W 


Question (3k 

co« 


1 > 3.1 

2 • 2 


b 3 


Cl) 25 n cm 2 

Question (4k 

CO discontinuous 

® B = 125* 6* , A * 30" 45'. 

C ■ 24* 48’ 

Test 9 

Question ( I k 

®A ® C C0c ® B 


Question (2k 

CO 

CO 43 * y$ 


1 

2 


b 2 


Question (3k 

CO continuous CO 43 cm 2 

Question (4k 
CO 14.8 cm CO 2 

Test 10 


Question ( I k 

CO b 


®C 


CO a 


Question (2k 

CO c . 6.7 cm . A =42 50’. B =72 Iff 


Question (3k 

CO M « ± 24 

CO |5». I2cm . 15 12 It square units 
Question (4k 

®5 

(l) a one solution m(/ Bi = 8-37 , 

c ■ rr 52*. 

c 2 5. 1 cm 


J'. perimeter 2 10.9cm 
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